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Tub Mathbmatigati Theory ot? the Extbnsional 
Vibration of a Bar bxoitbd by tub Impact 
OF AN Elastic Load 

BY 

M. Qnosn 

{Presidency College^ Oalcuila,) 

Introduction. 

Tho dynamical theory of impact of a rigid load sti iking longitudi- 
nally at tho free end of a bar, the other ond boni^‘ fixed, haa long 
boon worked out by Bouasinosq * * * § and others, with tho holp of St. 
Vonant’s method of ‘ variation of integration oonslant ’ In n previous 
pitpor I wo have mado suggestions how this theory can bo oxtondod 
to tho case of an elastic loud which ordinarily obeys ITooko’s law of 
comprossion, throughout tho period orf its epntaot, with tho fuoo end 
of tho bar. In order to explain Tsohudi’s J observation about tho 
dependonco of duration of contact on volooity of impact and also tho 
fluctuating nature of tho pressure during contact, wo Imvo assumodiS 
tho load to bo plastic and have divided tho total duration of impact 
into throe sucoossivo sub periods, as Andrews || has done m his treat- 
ment of the problem of oollision between two similar balls. P«ving 
tho first and tho last sub periods each of which being oqual to t, tho 
mechanism of impact is assumed to bo governed by Hertz’s law. Tliis 
18 discussed ui our previous papoi § in detail Tho impact, during 

* BouBslaeaq — Apphottlion doa potential, Pans (1836), Love — Tlio Mathematical 
Theory ot Blastioily (4th aclltion), art 281, pp. 431 441 Tho roforoncoe to tho othei 
earlier wojkers are given in tfio introduction of this tToobiee, pp. 20 27 

f ChoBh-Ind. Phy. Math Jour , Vol, 8, pp. 78 70 (1982) Appiovod Thos.a toi 
tho Griffith Memorial Prize of the OaloultaUnlvemly, 

J Tsohudl— Phy, Rev , Vol, 18, p 428 (1921) , Vol. 38, p 936 (1024), 

§ Qhoah—* Zoit f. Angw. Math. Moo., Vol 14, pp. 71-70 (1984) 

II AndrowB-Phil. Meg , Vol. 8, p. 781 0939) i Vol 9, p. 608 (1980) Proc. Phy. 
Bpe , Vol, 48, p, 1 (1981) — Approved Doolorato Theeia of tfie London TJulyereity, 
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the intei’iuediatB sub period, obeys Hooke’s law of comprossion and 
waves ai’e generated within the bar from the struck end 

In this paper, we propose to work out the problem in detail for 
Hooke’s sub period, whioh is composed of a number of small intervals 
In Section I, we sbnll extend the theory following St, Vonant a 
principle. In doing so, we shall adopt the aymholio representation of the 
differential operator, in order to overcome the difficulty arising out of 
the integration at successive stages In Sootion II, wo shall give a 
generalised treatment of the above problom. It simplillos the process of 
successive deductions for different inteivals In Section HI, wo shall 
give the general expression for the displacement and pressure In Section 
IV we shall consider the special case of tho rigid load for higher 
intervals. And in Sootion V we shall deduce tho expression for the 
duration of contact in the case of an elastic load 


Section X. 

The differential cquatiop of the extentional vibration is 


0 a 0 

^ 08 “ ’ 


( 1 ) 


where s is measured tl'orci the fixed end of tho bar, w is tho longi- 
tudinal displacement, o the velocity of the longitudinal wavo propaga- 
tion along the bar, giV^en' by c®=Eia/p, iil, being Voung’s modulus, 
a tho cross section, p the mass per unit length of the bar. 

The bar being fixed at «=0, the value of to is zero at tlio point 
The terminal conditions ats= 2 ?, I being the length of the bar, is given 
by the equation of the motion of the Striking body, which is also 
supposed to bo elastic, or it is for Hooke’s peiiod 





= — (Hooke’s law), 


( 2 ; 


where H, is the elastio constant depending on the material of the 
load and its shape and size, z tho displacement of the centre of 
gravity of the load is given by 

’ ,,, ( 3 ) 


THEOllX OF THE EXTBNsiONAL VIBEATION OF A BAR 8 

P and ^ lepresont prosauro and compiession of the load, and ia 
moaauiod from fcho beginning; of tlio IIooko^H period, that la, i=T 

' Tho solution of (1) la of the form 

ty=:F(c^ — s) + i/'(ci+s)> ••• (‘i) 

whore F and aro arbitrary functiona Tho terminal condition 
0 at s=0 redaoes the oq (1) to tho form 

iy=:F(cfr— s)— (5) 

^ From eq. (2) with the help of (5) wo have, 

^«_X[F(ci-Z) + F(ci + Z)], ... (6tt) 

whero 

XsE^a/lila. (6C) 

Now wo may consider P a funotion of nn argument ^ which may 
bo put equal to (ci— s) or (ot-f-s) when required. 

On aubatibuting the value of C from (Ga) and to fi'om’(4<) ui eq. (2), 
we have 

=3pja{F^(ct— Z) + W{ot + Z)}. •#» (7; 

wbloh 18 tho "Equation ipromotnco” obtained from tho terminal 
condition at 5 = Z or 

1”"(£)+t r"(0+-,TTl'''({)=i ^({-2!)- 
\ Me* A t 

[ 

+ i P"(C-2Z)+ ~»,P'U~2Z)j. .M (8) 

The complete integral of oq. (8) is 

lj''U)=Ao3^ + Bs?’4r ... (0) 

, ^ A /tiJy 

where q and p arc tho roots of the equation 

AB)aD*+l D + ^, =0, , 


. ,„v (10) 


4 


ji, QHosn 


and are g’lvon by 



niicl A, J3 are oonstants of integration When 

expression - . — ^ 0 ^ ^— vanishes as B’(^— 2 i) is known only 

from the interval hl>t~CT>U, ^o F'(^, during 3 Z>£~ot> I rotluooH to 

( 12 ) 

f 

lU’om fclie boiindaiy conditions, namely at ^=t, 1 '^*^ 

velocity of the load at the beginning of the Hooke’s poiiod, wo liavo 
fioni eq ( 6 ) and ( 6 a) 

i*''(cT~2+0) + F(cT + i+0)=:0 ... (13a) 

^nd o[P'(cT- 1+ 0) ~F'(ot+ I ^ 0)-X{FXot~ i + 0 ) 

^r'(cT+l + 0}]:^~V, ... (t3fq 

Or we have ' - 

F(ct+Z+0) = 0 

F"(cr+i!+ 0 )=:!ii 
cX 

wlucli, with tlio help of oq. ( 12 ) lead to 

Ao«f‘’TH) + BeK^r^^)™o 

S 

cX 

On solving eq, (15) for A and B, wo get 
• *% 

l) B=— 2 !lQ“i>C«T +0 

0/3 ’ 0/6 ’ 


. U5) 


(lOrt) 



whore /3=X(a-jj) and X^lfija/E-s- , J__ , 

(d+p) 


... (1G6) 
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Thus during tho interval '6l>t~OT>l, with the help of 

(16a), oq, (12) can bo written in the form 

!’'«)= (11a) 

where • (176) 

When 5Z>^— ot> 3 ?, wq havo from (17) 

] ... ( 18 «) 

So, from the g(I (9) wo have for li’'(^) during this interval 
F '(0 = Ao 5 ^+ 

... ( 186 ) 

whole ^a=^:~CT~3i=Si~2h (iSo) 

Wow if q and ^ are tho roots of tho oration /(D) =0, wo havo, 


/(D) (g-2J)LD iq-p) (q-p)* (g~~py 


■nw— I *1 


and 


rl . 1 13 D» 

/(D) (j— p)Ld (q-'P)* ^iq-py'' 


O’”"* 1 M 

-pr ’ 


(3 


( 19 ) 


whore D and 


1 

D 


havo got their usual meanings. 
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Thiis eq. (il8),with the help of ( 19 j, reduces to ; 


j i) ^ 




I i ‘ 


(2QJ 




The condition of continuity of ^ and z at cj — 7)^21 give, 

3?^(<jTH-Z—0)+Xi!f(oT+3i— '0)p:li’'(cT+?4»0)d-F^(cT+3id*0) (21a) 

and 

F(or+?-0)-FVT+SZ~0)*-\{F'\oT+i-0)4-F'\or+3l-0;} ' ‘ 

=F^(ct+ 1+0) — F'(cr+3i+0) “\{F“(cr*f'i4'0)*f + ®)} *•» (216) 

From eqa (17), (20) and (21), we get 


^0«(eT+» 0 q, 3eP(^T+» O—Jiji r "j 

o^L J’ 


(22a) 


On solving eq (22) for A and B, We get ' ' 

f f 

^ — ^^iQ-aCor+l) g“«(cT+sO 

cj9 J c/3®. ’ 

’ ' ‘ i , 

B— fl~J><<T+ 1) fl-j(CT+* O 

1 c/? 0/?a 

I 

iHenOe^ifi^o^ (23), ^*(5) durfrig tli,e interval — cf^SJ ~beoomes, 

* V w ' ' V ’ I ^ 

r( 0 =t^[ ]+^, [ o 3 ^*{ 2 -^‘+ 2 ; 8 j;;,} 


{2-/3* -2«.)], 

r 

i,=<-i!T-Undf,={,-2J={-0T-S! ' 


. t - V' 


where 
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When 7i>(;--cr>5?, wo Ijavo, from (24) 

V ' * 

,, ' J ?3^, j ... {25a) 

where ' .,. (26) 

2 2Z) 

The value for the oxpresBion - — — ’ , as occurring in oq. (9) 

tf \ / 

can very easily bo obtained from (25a) and the general relation 
(10), as, 

‘ I 

I r'u-zt ) _ r 5S, K. 1 

r /(D) 0/3" L *’‘‘J 

+ ^-^'-5 [»’^*{(l-/3)* + (3 + )3-^')2ft£.+i(2/35C,)>} 

-sl’^'{(l + ^j‘-(8-/3-|8*)3;3^£.+i(2M, )•}] • (SO) 

( J 

So F'(^;) during this interval oau bo readily obtained from oq, (9) 
and (26) follows 

V'(Q = Ao^^+ BeP^+ . jC.+ol’^*K,] 

+ "''^’l(l-/3)‘ + (2+/3-/3*)2W,+K2«,)’} ' 

{ (1+/3)' - (3-/3-/3* )2^y£, + l(2/3rf. ) • } 1 
- ,f, [ “’^*{(2-|8’) + 2/33£,}-«Pf:>{(2-i8*)-2)3K.}] (27) 
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The continuity of $ and z at give 

I’'(('T+3Z-0) + F(oT+5i-0)=:FV+3?+0) + F'(cT+5Z+,0), ... (28») 
F(cT+3?-0)-F\cr+5i— 0)-\{F"(cT-h3Z-0; + F'(cT+5i-0)} 

= F'(«-+3^+0)~F\cT-H5Z + 0)-\{F''(cT+3f+0)+F"(oT+5Z + 0)} (286) 
With the help of (2i) and (27), eqs. ( 28 a) and (286) beoomo, 

Ae«<'T+o0^.j3gj.ccT+»o^ e«*A_eJ>4/j 

+ f (i-^)‘-(i+/3;“], ... (aOrt) 

and 


+ [(3+^-^>)j+(3-/3-/3>)p] ,(206) 


On solving 


A=i.-.<.r+o+^,-.<.rno+»^ [{S+/3-;8'Xl-^) 


and 


+ (3-^-^“)(l+^) -(l-y3)‘]o“»(»T+flO^ 




+ (3->/3~./3»)(l+/3)-(l+^)»]e“p<^T-BO^ ... ^30) 

n^Xioe, ^hen 7 Z>C-ct>S?, 
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F'(^)= [eJf. [o5^>(2-/3" +mM 


-erf. (2-^. _2/3K,)] + ^[o3^* {;3‘ + 6{1 -P ' ) 


... (3i) 

ivhoi’o Cl Ca Si aro givou by (17 i) (18o) and ^266) 

In a similar manner ?'(C) Xor 0Z>C— cr>72 and at intervals 
liiglier than that, can very easily bo calculated by talcing help of eqs 
(9)> ll9) and from F' (C) of the previous interval, of coiir^o tho tedious 
piocGss of integration is got rid of, in the present method, — by tho 
symbolic ropresentationf, of tho dilTerontial opeiator. 


Section II 

In this section wo shall establish relations between tho constant 
coelhcionts of tho funotions, during tho interval (2w — 1)?,>C— rT> 
(2»— 3)? and (2»4*1)Z> C-*ct> (3n — 1)Z, which will holp us to know 
completely tho function during any intorval, from a knowledge of the 
function, during tho interval just pievious to it, 

For ihe sako of simplicity we put 
C~CT-i=Cx 

C-rr~5Z=C,-2i=C, . ... (i) 

»»• tii »t« <«i 

r 

And in order to avoid confusion, wo write Fi(C)i Fa(Ci,,.F„ Ci 
for the funotion F(C) during the intorval 

3J>C-CT>i, 5 ?>C-ct>3Z,... 

' (2ji + l)2>C-cr>(2«~-l)Z 


2 
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The study of the results pf the previous sections shows tlmfc, 




( 2 ) 


wlipre, the form of the | unctions can be represented by 


4-6noC^^'» 


( 3 ) 






(4) 


and 


^i.(C«)=e 


=.?^. ‘a 


fN"1) 

r=iO 


(•">) 


The Equation promotrloe, represented by eq (8), Sec. I, ean bo 
written for different intervals from eq (2) as follows 

during 81 >^— CT>i, 


whence /(D)^.«,) = ?. f ,(£.)-/(p)^.(i,), 


and 


during 




during (2n-hl)l>C*-0TtUw-^l)?. 


I’llEORi' OP TII13 BXTENSIONAL VIBRATION OF A BAR tl 

Wg shall only oonsiilor tho last one in oi’dol' to e&tablish i elation 
botwGQn ()!>„ and and thon oonsbant ooofHoients This equation 

can bo written ns 


/(D)[,f..«.'+*.-,«.)]=x '(‘'.-.K") ••• (0) 

^Substituting the valiiea of fihi (l>)i o,ud then* 

first and sooond derivatives ns required by oq (6), and equating the 

coeffioients of and 0^^* on botli sides loafjootivolyj we get 

after sirapli Beat ion, re in a rubor ing 7 and p aro tho roots of the equation 

/(D)bD>+?+®^ =0, 




1+2 

^-p 


^nf{ r + a) 





O' 


(f + l)"!* 


^ *I(ti “ 1 )i c 

^ (r+1) 


1 +2 




p*>(cH !)■ 


1 +2 








ft Y+\ ' 


18) 


The conditions of continuity of ^ aurl a at o(^—T)=;(n —1)2^1 that is, 
^=(2w— l)i + 0 T give 

\[F\ct+ 2a— 3i—0) + F'(ord- 2n — 1 Z— 0)] 


=X[F'(cT+2n-31-fO) + F(cT+ 2ii-l Z+0)] 

and 

F'tCT-f 2n— 3Z— 0)— F'(cTd* 2«— U— 0) — X[F"(cT4‘2n— 3 Z— 0) 


+I^V+ 2tt-lZ-0)] 
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=FV+ 2n~3Z-0)-F'(cr+2?J~H-0)-X[F"(cT+2»— 3J-0) 


+ F"(ct+ 2 w-H~ 0)] 


ilO) 


By the help of the last equation given in (2), eqs. (9) and (10) aro 
reduced to 




and 


which, by the help of eqs, (4) and (5), beoome 

+^ntO+«H-i>o +&»-l«o]=0 

and 


(Xl) 
... (la) 

... (13) 


+ ^(»-i)u] — (cttt,o + ^'»io)“~(rt(»-i)io + &<H-j),o) (1^1) 

(13) and (14) become, when \^0 

(a*, 0+«(.-l),o) + t6«,o +&(»-!), 0 '1=50, ,,, (15) 

and 

+(».,i+i'.„) + Ca(,_i,,„+6(,. ,),;)] (13) 

On solving cqs (16) and (16), we get 

^.o+&(«-o.o = “(aK,o +a{»-i),o) 

1 

The eqs, (7), (8) and (17j will enable us to evaluate and 
or all values of » and r It should however be remembered that 
and 6,,, are zero for all values of r greater than 1). 

Now putting r=(n--2) in eqs, (7) and (8) we get ___ 

^MQ ..g 

(»- l ) \ 13 J <^^^0 


‘I'ttEORX OF THE EXTENSiONAL VIBRATION OF A BAR 


‘”‘■-’>-1 r ) i «- i ) — V r / ^ ® ' 

-A,gain, putting ? =«-8 in (7) we get by the help of oq. (ISa) 

— ^ -^kAiLULir8)==_ „JL_ ^ ^ 

and Similarly, 

3 


Now, multiplying first, seconcl, third, eto , of the above equations by 

P ’ t»T^) d’ ) ' (T-raWs) 8°^' 


addition, 


proceeding in the similar manner wo havo from oqs. (8; and (186) 


These general expiessions will onable us to determine the functions 
conrTpleboly at diffoient intervals, from the knowledge of the functions 
dixi.'iTig the interval Oil >S“-cr>J which is given by (vido eq, (17), Sec, I) 

wIj ore « i ,o = -^i.o =^* 
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The function duiing the intei val 5Z>^— CT>3i!, from oqs (2) and (4) 
18 of til 6 form 




where 


and 




^fllO — “^ 4>0 — ^^' 1 ' (2 — ^*) 


y (22) 


which are obfcamed hy the help of (17) and (18) for «=2 and oq, (21) 
This 18 ftilmo n8 obtained otherwise in eq (24), Sec I. 

The function during the interval 7 is of tho form 

+ (aa.o + as.i^a+as,.^?) 

+ 0^^“ ( 63,0 + 63 .i^:a +& 3 ,4 H). ... (23a) 

where, the co-efiicients are obtained very easily by putting ?js:i 3 and 
r =6 in eqs (7), (17), (18) and (19) wluoli arc as follow 




63 ^ 1 ==-:^,- (l-i8)(3 + 2^)2/S;i, 




\ .. (236) 


,, (2/3q)“ _ i;, (2^jc)« 

»8‘<f 2j > 


These aie same as given by eqs, (31), Sec. I, 

The function during the interval 9Z>^— cr>7Z is represented by 

I 




(24a) 
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where the vah;eq of tho co-efTici exits are obtained from t)ie samq genqi'fvl 
relations by putting 71=4, 7=0 and from the knowledge of the co- 
eftloients at preyioua interval. Those are obtained as given below 


[/3‘+/8(1+(8)(3-2^)(2-/3) + 2(1-/3‘ (5-/3.]2^i,, 
[/3‘-W-|8)(3 + 2;3)(2+/3) + 2(l-^«)(6 + (S)]2/3ft 
‘».,. = ^[l-«3/3+2)] 

K. = ^ [‘i-/3(3;8+2j](|^’, 

cfi^ 3! ’ 3! * 


1(296) 


Thus, in tho similar manner, wo oan voiy easily ovaliiato tho co- 
ofTioionts of the functions F' at an interval CT>9i and at intervals 

higher than this, by giving diJforont values to n in tho goiioral ok- 
pressions (7), (8) (17; (18) and (19). 


Section III, 

In See, II wo havo developed a goneval mot hod by wluoli the 
constant co ofiioionts of the at different intervals oan very easily 
bo dotermined when tho form of tlio functions is known In tlua 
sootion we shall give goneral method ol finding out («') F(^), {ii) dis- 
placement of tho struck ond of tho bar, [xii) displaoomont at any other 
point of tho bar, and (fw) prossuro of tho load at different intervals. 

(i) JS valuation of "S ' > 


From oqs. (2) and (5) Soo. 11, wo have 


where 




rtsp 




... (la) 

M. (U) 


♦ « f 
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Integi’atiing we get 

N - 1 (0 + )d^n + const 

d^=rdt,=:=:dL* 

Flora (16) 




r,VL 




where 


A,,,=fl,,^-''+jp, iLiiimi+Msp^ + 

, ? ?’ 


+ (..lV-r-i --ip «^^>(.-i) 

^ ^n-r-i » 


= iljllOl+l) +'' + ip. 4. 

p ® p* ~ ••• ••• 


... (2a) 




... (3) 


here P stands for the permutation. Tlie other co effioionta are obtained 
by giving values 0, 1, 2, ... (n-1) to r. The oo-effloients and 
Bb for r greater than (ft-1) do not occur. 

The constant of integration in (2a) is evaluated from the condition 
that Pb„,{^[) and Fb(^;) are continuous at 8~l and flv^—r)=;(»— 1)215, 
which gives, * 


const, =—. 4:200 

q p 


(4) 


So the eq. (2a), by the help of (2b) and (4) becomes 

F.(£)=F...(£) + r "s'’ A„,{:-A1.!.+ 

L g *-=0 Q p 

B. 


r=o ^ p J' 

where the oo-effloients A,,, eto., are obtained from eq. (3), 


««« 


( 8 ) 
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Bpccial Oa^es • [ 

(a) F(Q during tho interval Si>£— ot>Z 
Piit >1 = 1, we have from eq (5 >, as Pq does not occur, 




wliorcJ A, B,„ = 6„<, 

whioli ai’6 obtained by putting n=l, r=0 in eqi (3) 
(^) P(£) during the inteiwal 5i>^— rT>3Z 

Put «=:2, we have, ft’om eq (5), 

P,(0=Pi(D+ “ (A-a.o + Ag.iCa)”-^'^ 


.. ( 66 ) 


whore, 

Aa,Q=:a,,o+-^' — 2^), (uifiJc eq. (22), Soo II 

Q o/j 

Ji„„=h,„+km (2-/3-+2/3), 

A.,. = a,,i=^J ‘ifiq, 

Bj “^>4,1 = 


(7«) 


(76) 


winch are obtained by putting «t=2 and rs^O and 1, in eq (3) 
(o) P(£) during the interval 7i>^— <^>5? 

Putting «=:3 in eq, (5), wo Imvo, 

I’.(f)==F/l:i+ f (A„B + A,„J|, + A4„a)-^“ 

4 4 




4- M - 

V r 


(Sa) 


8 
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whore 


+2?i^‘ =-1 l {;8* + 4/3*-2(l + i3)(6/3-2/3>-3)}, 


o;8 


(f/ (236), Seo. II), 


+2^=^^{/3‘ + 4,3» + a(l-/3){6;8+2/3» + 3)}, 
(l-/3)(3+2/3)2fe 
B,,.=6„i-2^> a + ;8)(3-2/3)2^p, 

“** 0 / 8 “ 2 ! ' “ 2 ^’ 


{8&) 


whioli are obtained by putting «=3, r=0, 1, 2, in eq. (3). 
id) F(£) during the interval 9il>^— CT>7i 
,P^itting W2=4 in eq, ^5), we have, 

(9«) 

3 r = o HP r«C 

f '1 ' , 

where 


P 


|b.,o=6.,o-^-^'+2^'-6^., 

/.„=«*, .-2^’ +8“-V, 


1 


(9t) 


^♦>2 “ 4 1 2 


B.„ = 6.„-3 


_ '*»* — '^4H 

3 P 


Ai,S — ®4|S > 


»a — ^4 >»‘t 


which are obtained by putting and r=0, 1, 2, 3 in eq. (3). The 

values of the right hand members are known from eq. (24b), Seo. II. 

Ip a similar manner we can evaluate the function for any interval 
from the g6nei?al expression given, ' T 
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(w) Disjplacoment at any 'point of the bai, , 

The diaplaeenienfc at auy point for any interval, during Plooko’a 
period, can dueobly be obtained by the help of oq. (5), Soo, I and from 
during the interval. It is given by 


— s — Jr„(c^+si 


... ( 10 ) 


whore l^n-i and aio fully known from eq (5). But putting w=l 
in eq, (10) wo get, for the displacement during the interval 21>o(i — T)>i 


w, = — + since Fo=0. 


... ( 11 ) 


Similarly, when 7t=a we find that w, during 4i>o{i— t) 
given by 


itij ]^’9(^^^+s), 


... ( 12 ) 


In the hko manner, wo get the values for tlio interval higher than 
the above 

{in) JDisplacomant at the stuioh pomi. 

This 18 obtained by putting in oq. (10), oi wo have 


= (w«-, ). = «-[ 


ai) ii~i . 


A —A. » 


P 


whole 


... (13) 


... (15) 


By giving different values to n in eq (13), wo ^et 


(».).=, ... ( 16 .) 
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3 




(;8»+/3T-l+;8,>Ct.)+ ^l±fci 1, . (16t) 

p J 


lYliece 

and 


L 17 r=.p g 


jJie t , 


(B, 




.«], 


where =^, — 2 ? and 

A. 8,0 + 


(15c) 


A,„-A„.=^^i[^*-C1-/3)(3+2/33]j3j, 

s 

[2/8*+3(l-y3,(l+;8)>], 

J»... -»...=- W-(l+«(3-2«]^p, 

In a similar man^i^er, find o^ij t^a qJ| tho 

sfcrnqlc point, at any interval. It should be noted that in order to get 
the complete displacement fi’om the beginning of the impact we have 
, 5^9 q|dd writhe Ideal ataUdal compression prodnoed during Huerta’s period 
to the expression of the displacement during Hooke’s period. 
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P^estyUio c\Grkd by the load, ' 

From eq (2) and (6a) Soo I, tho piossiuo oxorfced by tho load 
given by 

P = F«[F'(cf— 0 d* (16) 

which when vvufcton in our usual notations, tho pressure toi 
iVitolval IS leprosonted by 

p,=K,4F',(0 + rn.i(^“20], 

where we write ^ for c^+^ only, and £, has t% oorresponding usual 
moaning given by eq (1), Sec ll. By the hplp of eq (5), Soo, II 

,• = 0 

+ /^" 'i\K„+b..,„)V.] ••• ( 17 '') 


Now giving diHoi'onb vivluoH of ti) wo got tlm IH’otisui’e for dilXoionfc 
iqtQrveJiS, as follows 




,p 0 t 


... ( 10 ) 


Pa =P,+Eia[e’“‘ »{(«*. o+ai.o) + tt,,iCia} +o>’ * ‘ a { (b,,o + .o) + ^ 


-sP X [o’* ' P'*® ' I (1^) 

\ jQfl 1 

P,=:Pa+Bia[o«“'8 i (ao .^ k )(oU ' + 0^' ® ‘ 8 5(&a ,r + 

fcO *^0 

=p;+ [o<*'.{(3-2^>) + (3+/3-/3*)i8jo«,+^.4.o'«;} 

‘ +«""«{(3-2;3»)-(3-/3-/3‘)/3pc«j-^’P’<i’.!}] i •■• (^O) 
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.r)(c/ ,)• 


... (21) 

wheie ctg,r ftflir and a,„ 6^^^ are given by eqs (236) and (246), Sqq. IL 
In the similar manner we can find out Pg, p^, eto. 

ec, an°sl7 ■’«“ tl>e <iase,,hoi.o,„„cl^,a»g:ve„by 

eq (11) Seo I, arc real Bat 5 and p are imaginary it the oxpreee.on 
under the rndioal sign of eq, (U) Seo I be nogatire, f e , if ^ 

4ap ^ E, „ ^ 

> ^OS 0 /?=:E,a , [ ' ^22) 

This may very easily be realised if the load le ve^y light, 

Thus in the present oaee we may write 


wliere 


5=^+iV 
p=/A— rr 


. ... (28) 


'‘=- aw^ ■'=)• \/rH._^L ) /oi s 

W ^ J , ,. (24a) 


^ “-p) =2VX, 


.. (246) 


"With these modified values o£ m « and R r.’iwu 
obtained betoie ean be very eaeily rei^tL We' wVgivrT" 
only the transtormationa of eq (19) and {20) * ° 

P.= «^ef‘«‘ieinref., 

, .« (26) 

'^it>*+v*) of. Sin (ref, - tan-' t 1 - 0»n mt, -] 

V ^ ■ J* (26) 
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So far WQ have dovolopecl the theoiy in the case, when the hav 
IS stiuok by an elastic load In the present Bection, wo shall show 
how the genernl solution may bo i educed to the case of a hard’load 

' In this case and hjgssoo, lionco 


^=1,X=0 j,= -=o,5=- 1 


.. ( 1 ) 


where m= Moioovor t is zero, as the im])act does not begin, 
pi 

following Ilei'tz’B law 

Substituting the above values in oq (5), See II, wo get, 


f c=0 

and from eqs (7), (17), (18) and (19), we have, 


UrjO >0 1 »0 “ ^ * 


, 2q 

+ H i)+ ~i>,M 

*1 

fczi. ft, 


( 2 ) 


(3) 


whioh lead to, for suitable valnos of n and r,' 

t r 

**i'n— a 1,1— "^(2?); 


t 0 




(2q)’ 






<t 3! 




'(‘A) 
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where q _ — fl'S stated before, These lead to identioal expressions 

of r^(J) for different intervals as given by Love,^ in his treatise on 
Elasticity, It should be noted that Love has given the expressions 
only up to the third intervals 7?>^>5^, owing to some algebraic 
diffioultiea. But the present method is peifectly straightforward 
and can be used to evalnato for any intoival. 

In the present case eq (5), Soo, III, reduoes to 

ifltn (A-i) ^ 


q r=:o q 


where 


(S) 


^lt,r=r«».r— _ 

U q 3 * 

,1 

Tins gives, for different values 6f 

Piro= -1), 

qc 

P.<9=P.«)+ ]-;[ + j, 

P.(0 = P.(£)-^[ j _i J, 

P.(£)=P,(£)+ e1^‘ [l + (2«£,)-+ ^( 25 £.)* 

\ ^'i’^(%£»)*l “'I J* 

I 

I 

* Jjtove t^The Mutbeinatloa} Theory of Eloslioity, 4th edition art 381, pp. 481 441. 


( 6 ) 
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From eq (6), wo can easily got the oxiprossion for tho displacomont 
at tho stniok point by putting (of— 0 and (of + 5) for ^ as required 
by the oq ( 5 ), Soc I, and finally putting s^l These are givon by, 

70 L J 

(»,),=, =K).., + ?2i f o«<«'-«'>{l-j(o(-6;)-l7*(rf-6i)’}-l 1. 

<yc L 

+ *,»( o (- 81 )’+-',?‘( o <- 8 I )‘}-1 ]. ••• ( 7 ) 

and l.lio pi ossiiros oxortod by the hard load at difforont mtor^als may 
bo obtained by diltoi'ontial.ing twioo with ro^poot to tiino as 

P=:\ti(/,:3i nr they may bo directly obbamod From F'(^). Tlio general 
oxpi oBSioii for tiio pressure is given by 

ri=0 

By the help of oqs ( 4 ) and { 9 ), wo got , 

+ 3 ^ g’(ot-6iy). 


4 
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Pb = +2/,tJo0e»<' ' 8 '^l+7q{ct-8l) ‘\^9q^ot^Siy 

on Q 

+ ^^'‘(ct-Siy+lq*{d-Bl)*}, .,. (0) 

and so on In a similar manner we can dofcoimuio the pvoasuro at 
any infceiwal, Tims it is seen nnliKe the elastie load that the prosHiivn 
in the case of the hat’d load inoreases by a sadden lump of magnitiidn 
2pv^c except at the beginning whera it is pt^QO only, 

, The deduction in the oaso 6f tho hard load which we have under 
taken here plays an important role in developing Kaufinann’s theory of 
the vibration of tlio Pianoforfco string The complete clisoussiou of 
this point is given in one of our papers * on. the subjeot. 


iSoc^ioji V, 

Dwiafion of Oontact, 

The expressions for the pressure exerted by the load whioh wo liavo 
derived^ above, is a function of time, and is taken to bo measured funti 
tho beginning of the Hooke s period, tliat is (5 =:t, whore / roprosontN 
time, measured from the beginning of the impaofc and r, tho IlorU's 
period at tU beginning. In the ease, when Hortsi’s period at tho 
beginning is absent, lo, t=: 0 the duration of oontaot 4> is defined as 
the positive root of the pressure equation P„=30 But whon ts^O 
the positive loot of tho pressure equations will represent the sum 
the Hertz's period at the beginning and the Hooke’s period. Ihit 
this IB not the total duration of oontaot but is loss by the amount 
of the Hertz’s period at the end whioh is also taken to bo equal to t. 
So substituting 4>-r for i in 'the pressme equation and solving for 
le positive ^values of we get the required duration of contaot. It 
may be noted that at higher intervals may have multiple number 
of positive values. This will bxplain the multiple oontact during 
impoot 

From oq, (16), Seo. lit, wo And P. =0 hm got oo roal root oxooni, 0 
and or j BO the impact does npt terminate during the first interval Hut 
m 11,0 oaao of hght and soft load,' oq. (18), geo III, .s tranoformed into 


* Kftif—Qhosb J— 0eib, f Phy Vol, fil, pp 026 687 (1080), 
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wliaL i"? given by oq (26) In this case tho doaired root, by putting 
— T for IS given by 

^ +2t, 

VO 

where v ip given by oq (2l'a), Seo HI, 

Again substituing <I>—r foi t in given by eq (10), Sec III and 
equating to zero, wo got 

cp^2r+ Ij;rp [( ?;-7bp^-2T^V-)]-(^o^^^+2) , 

2^f[(/+2), li]^;j{(p— </)fl(«l>~2T— -1* )] 

Hero the last o'cprossmn on the right hand side involves ‘h in tho 
ovponeiibial , so it IS difTioalt fcj inilco an eKael evaluation of it An 
appro VI mate value iniy ho we von be obtained in tho following way ; 

As the pressure tarminates daring the second interval, so (<t-“2T— •^) 

gjr ^ 

must lie botwoon 0 and - for all admissible valiios of p and o Again 
0 

U*Kp (p— 7)c('h— 2 t— ^-) lies witluii tho range I and 0 when (tl> — 2 t— ~ ) 
vaiioa from 0 to oo Thorofore tho value of tho exponential under- 
goes only a small chango when (<1>— 2r-'~^) changes from 0 to — ^ 

c d 

Ilonoo wo may put the mean value for •^) in the exponen- 

tial, without uitroiluoiiig any aoricnis error m tlio ovaliiatiou of <I». 
Thus oq, (2]| bo com os 

■1.=W+ ^ 

« - 2/Jf{t+po<'-"') 

wliioli H the duration of contact when pressure terminates during 
tho second interval. 

In the same way wo may proceed to obtain <I> up to the interval 
l(J/>o(^~T)>8i!3^ beyond whioli algebraic solution is not possible, 
HO grapluoal method sliould lie adopted in those oases, 

In tho ease of tho light and soft load w|ion [</, p]=3/ad:;8V, ^ will 
bo obtainod from e([ (27), Soo III, in tho samo mannor But here, too, 
algebraic solution fails Further it h utiwiao to reduce eq (3) to the 
ease of the liglit and soft load, ownng to tho approximation introduced, 
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la the ease of the hard load where «= — ^ (vido eq. (1), Sou Hi) 

ml 

the pLoasuLo does not tei’uainato dui'in^ blio intoiwal >0 svUioh 


13 evident fioiu eq (9(t), Sec. IV 

If the pleasure fcei'intnafcea during the interval i^>o^>2^ tho duration 
of contact is obtained by equating eq. [9b) to ssoro and substituting «l» 
for t Wo have, 


4.=t[i + ™(2+o-^ )], 


(d«) 


wheio T= ... (it) 

piovided the mass ratio w does not ovceed the value j>t=X'7| being 
the root of the equation. 


s(^+“'" )=i 

Thus the pi’esauie terminates during this interval so long as ( 7, 
The oq (4f) cap also be readily obtained flora (3) with the approKimatioiis 
1 squired for the hard load. The above values of <I> and m are also 
given by Love (loo ci'f, ) 

In ord^r to obtain the duration of oontact wlioro press iiro toriuiiiatos 
during the interval 6l>a>U, we gob trom oq. (Oe), Soo IV, iii tho 
same manner as before 

where -(y.),T(®- 2'r) + (Yj,T« =0, (0) 

(ya)i=^( 8 fe'l ' 

piovideed tho maximum mass ratio is given by 

l-'ya)i+(yal,=0, (8) 

whioh has a root w==4 U approximately So the prossuro termniatos 
dunpg 6i>c^>4? so long as ia;^4 14 and the duration of contact which 
18 obtained on solving (6) is given by 

<P:^^T+T^ 1^(8 )± ^ (3+e“« ) ^4^ 1 + 
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lb may bo notod that as doublo sign occurs in the valuo o£ wo talco 
only tlio sign that makes tor parbioular valuo o£ m lying 

botwoon 1 ^ 7 and 4 14 

Similaily for tlio intorval 8i>ci>6i, wo gob, by oquabing given 
by eq (9iZ), Sec IV bo koio, tho duration of contact as tlio positive 
root of the oquation 

(■I.-3T)>-(v,),T(<I.-3'r)- + (y,).T>(4--8'r)-(y.),l'*=0, (10) 

whore 





provided tho maximum mass ratio is given by 

l-(Y3)i + ^r3)3”~fy8)i=0> ••• (i‘^) 

which has a root w=57iJ, so tho prossuro borniuiatos during this 
interval, so long 8 and *^4 14, 

During tho intorval lOi><ii>8Z wo got, by oqiuiting P^, to /oro, 
tho duration o£ oontact as tho root of tho equation 


“(yj3T“(4>-'A'r)+(r*)‘T^=0 

wholo 


- “ 

(y*)i=m(5+o "• ). 



/ . 3m® 

lYirla — 

^ ^ „ jji^ 

94-0 Ml -b40 n 

(l-l 

\ m 

)]• 

/ \ 1 

j 

" - .2, ~ ± / 
'7 + 0 « +0 ’» ( 

3-n 

1)1 j 

16 . 8 

t \ 3m* 

(y*)*- iQ 

r- - J. ~ il 

[i+ 1 “ +« "1 

fi-- 

^ m 

W=(i_L2+i« 

/ \ w, m* 


S(g 

I 

V— J 

I 

+ 

a. 13 

IG : 


+ -r “ 

m* 

“"Sm® )j ’ 


provided the maximum mass ratio is given by 
l-’(y*)i + (yi)i~-(Yi)5+(Y*)4=0> 


(13) 


(14) 




m 
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Avhjcli lias a loot »i-10 4, so the prossure terminates during the interval 
m>ct>Sl if the mass ratio lies between 7 3 and lO 4 

Tli^e general solution of the oqs (10) and (11) are well known in 
ini's. oquntion Bub the pi essuro for an interval higher than 

m>ct>8l will lead to similar equations of order higher than 

tour, bo in that ease algebraic solution fails and the uumerioal solution 
IS to be adopted 

Summary 

\ The dynamical theory of ooUision of a haicl load with the free end 
of a bar whose other end is fixed was developed by Bousinesquo. This 

theory IS extended to the case of an elastic load obeying IWa law 

of compression. In doing so it is assumed that the oolhsion begins 
following Herta a law of impact, until piossure exerted by the load 
atUins a finite value, beyond whioh the compression of the load 
ollows Hooka s law, and waves are generated in the bar from the 
s ruck end After a time, Hooke’s law is over and the pressure falls 
to the same finite value. From tins value piesauro falls to zero follow- 
:ng ert'K fi law again, till there is no more contact The calculation 
for Heidzs period is not developed in tins papor. The detailed 
caloulations for Hooke’s period are given in diiTorant sections, In 
«oo. 1, the Equation PrOmotrioe which has undergone modification 
due to the mfcioductiou of elasticity of tho load is solved sucoosaivoly 
or different intervals in a much simpler manner, by adopting the 
symbolic representation of tho differential operator. In Sec. II, we 
have developed a general method of solving the probloni. This 
eliminates tho trouble of auocossivo integrations and allows us to know 
the complete solution, fiom the knowledge of the same at tho beginning 
0 G interval In Seo III, the general expression for tho displace- 
ment, pressure, oto., are given, from v,luoh, special oases for any interval 
are easily deduced. In Sec ly the generalised treatment in the case 
o the- hard load is given, from winch the functions for different inter- 
vals arc obtained as special cases In Sec V expressions-foi tho duration 
of contact for different cases are obtained and other related questions 
are discussed 

My bert thanks are due to Prof. K. 0 Kar, D So , for suggesting to 
me the pioblem and for inspiring gindnnoe, and also to Piof A II E 
Uove, F R S„ of the Oxford University for removing some doubts 

Bull Gal Math Boo. Vol, XXYII, No, 1 & 2, (193$) 
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Z AHLENTIl BORlmS CHE UnTERSU CHUNG EH 
UND ReSCETA'IE 
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Alprrd Mokssnrr, NnUiberg {G6}m(mtj) 
{Communicated by the Scovelary) 


In naoliEolgondon Tiodon sollon gowhso gabion Uioorofcisolia RofiuUato 
aitf dio olomontarsto WoiBo gowoniion wordon 
I, (a) Nacli dor B’orrnol 2(l+.t, + .u*)* = (.u’'— + + + 

fur »=2 und 4 bokommfc man ganKzahliga Losungon der Gloiohung 
2 A"=B" + 0" + tl3 + 0;’' and 4 Sofczfc man xum Kxompol 
MC3 3, HO bokommt man 2 13” =8" +7" +15” fur «=2 und 4, Nun 
isi abor dio Idoiililafc 2 A’'=:B" + O" + (l3 + 0j” fur u=2 und 4 dor 
Gloioliung 2 (A*)” =vB“)’' + (0“)" +[(13 + 0)*]” fur n = l und 2 
gloioh Dioso lotxto Gloiolning kann man auoU in dor Form sahreibon ; 
0” + (A»)”+(A'')”“(13“)” + C0>)" + [(IJ + 0)»]”fur H = 1 und 2, UoBtohfc 
dio Rolalion J?+JS+Ja=K; + K2 + K” fur ?. = l und 2, dann giU nacli 
oinom allgomoinon Tbooroin jsugloioh 

(J,+s)”+(J.+,)" + CJ„±5)”===(K,+sj”+(IC,^s)” + (IC„±5r £ur«=:l 
und 2 Sotzt man nun « = A®und niiuml) boi 0” + (A®)" = +(0*)" 

+ [(B + 0 f*]” fur R=;l und 2 dio subtrakfcivo Voidlndorung vor, dann 
bokomm6 man dio Uolation ( — A® 130 — C*)“ +(- BO— 0*)” 
+ (B0)" fur a = I und 2 odor (mii— 1 multi pliziovl) • (A*')”=(BO+B*)” 
+ (B0 + 0®)” + ( — 130) ” fiir w=il und 2 

(ft) Alls (a) orgibb sioh dor allgomoino Batu ; “ Oilfc dio Relation 
2 A”=:13" + 0”+(B + 0^" fur w=:2 , und 4, dann bostolit auob dio 
Rolation ( A*)” =:(130 + nM’’ + ( BO + O®) " +f -BO)" Ru- n=l und 2. 
Daboi iHt (I30 + 13») + {BO + 0“)‘«(H hO)* und (130 + 0* > + (-30) 

Hioomi^ol , 2, 19”=lG”+5’'+(16 + 5;" Cur n=2 und 4, alHo 19* 
-(16,6 + 10*) + (16 6 + 5*) + (-16 6) =361 und 336* + 105" + (-80)* 
=!(19*)®=:19* ) fornpr ifll, 330 + 105=441=5(16 + 5)" und 106 + (— 80) 
«26=6*. 


(y)BostohUlioRolatioTiO” + (A*)” + (A*)”=:(B*)’' + ( 0 *)" + [(B + 0 )"]’’ 
ftU’ n=l und 2 und sotzt man s= , wobei 0 <B ist, eo er^ibfc 
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fuL’ «=J. nnd 2 Ideutitliten von dar Form D''+(— 13 r + (-'E)"=:T3" 

+ F" + (— Cr)" iar 71— 1 uncT 2, wobqi D=s isfc und woboi J!J-|-F=:!BO 

+ 0“ und 13=: Aus'D" + (—E)" + (-B)"~K'‘ + F" + 

(— G)” fur w = l nnd 2 folg-fc, D*d-(—E)®=:F’‘ + (~G)°i woboi (B-fO)* 
=3 E+F ist und D+E=A^ xst, 


Bxempel 0" + ^7*)" + (7M’* = (5 * )" +(3®)" + [(5 +3)®]" fur «=1 

und2,g=-L ^^ . =29 ergibt 29" +(-20j'' + (~ 207 "= 20 '' +4" + (— 35)" 

fur »=1 und 2j 29® + (-20;® =4* + (-35)® , 29 + 20=7®, 3. 20-|-4i 
= . 5 + 3 )®, 


(8) Dio Untersuohxing zoigfc, dass, wennmanboi2. (A’*)"=:B*)’' 

+ (0*)" + [(B + a;»]" fur 7J=l und 2 fur s= eotzfc, flioh Idon- 

2 

tifcftten von der Form (— D j" +B’‘+B’‘ = (— F)'*+(— E)" + G’* fui' n=il 
und 3 ergobon, wobai (~D)=:-s isfc, Daiaus folgi ;D»+E®=:F^+a'‘ J 
terner D+E-A’ und l?+ 3 . B=a+D=(BtOj*. Sotefc man e = 

_ +(B + 0)‘ ^ ao ergibt 2 (A*-a)" = (B*-e)’ + (0‘-«)” + [{B + a)— «]" 


fur «=1 und 2 Identitaten von der Form ( — D)" +(—>E)" + (—B)" 
= (— lO" + (-a)" + ]jl" fur « = 1 und 2; unci folghoh lal D» + E® = F® 

+G", v7obei E=s und D+E = (B + 0 )^ ist 


ir. (a) Each der Formol t/- 25 r)- + ( 4 /-j 7 )" + ( 8 ^- 5 /)«-( 4 /_ 3 ^)- 
+ (2sr — 5/)"+{/+jr)"fur n=:jl, 2 und 4 bokomint man ganzjsahlig'o 
Losungen fur HJ-f HJ +H; =L;+LS +LS fur 77 = 1 , 2 und 4 (woboi 
auoh negative Glieder auftrafcanj } berucksiohtigt man dio nogafcivon 
Vorzeiohen moht, bo hat man bbaungenfur H?+B['‘+H’‘=:Ti'‘ 4- 1 j** 
fiir„= 2 undi Es ergibt aum aLpel 4 , 4 L 
Beiap.el !■ + H' + ,-12r =9- + (-13)> +4> fur „= 1 , 2 uml 4, also 
l- + ll- + 12-=9- + 13-+4Mur«=2und4 ITebedari kemeeKommon- 
tais, dasa mifc der angegebeuen Formel zugeleioh 


X® +Y®-l-(X+y)>=Z-' 4 .D®+(Z + U)» 
X*+Y*+(X + Y)*=Z* + U^ + (Z + tJ)* 


gQlO^t ist. 


Wir 9efc^on,X + Y— und Z+TJ=Q,'eoda88 also X'* + T®+p^ =!Z* •+TJ® 

+ Q-‘ ist, Dann muss naob omom bekanntqn 9^ (wonn Y>X. 
nnd U>^ ist) 
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X4+Y^ + P"=Z" + U^ + Q'=2(X«+YP)‘=:2(Z»+UQ)a 
= 2(Y»+XP)»=:2(U*+ZQ)«=:2[(XY)«+<XP)=+(YP)«] 
=2[(ZU)“ + (ZQ)»+(UQ)®] sem. 

(P) Das numorisohe Boiapiol 9" +4" + 13” =1" +12'* + 11" fdr 
m=: 2 iitid 4 bokommen wir auoli, wonn wir bei (4^* + 2 p’) 5 r^ — 3^*)" 
+ (2pgf)« " + (4/3 ‘-2^*7** -3(7* )'' = (2p^)“" + (3(7'^)'’+(4p*-33*)’’ fur 
w=2 und 4 sotzoii p— 1» g=2 

Dieao Pormol gibfc also immer Losuiigen fdr das Systom 

rR»>S*+T“=D*+V®+W^ 
lll* + S8+T*=U8+y*+W\ 

(y) Ds soli nun boi dom Problem unler (a) der Bodingung gonllgfc 
soin, dass X=:A“ und Y=13^ und dass A*+B'*=0* isfc, sodasa 
also A, B und 0 pythagoraischo Zahlon bildon Wir Imbou dann 
das Systom 

r(A«)»+(B’>)»+(A* + B*)’’=Z’'+U» + (Z + U)» 

•< odor 

UA*)* + (B“)* + (A“ + B*)*=2i‘+U» + (Z+U)* 
r A*+B^ + 0* = Z*+U> + (Z+U)« 

|a8 + B« + 08=Z*+D* + (Z + U)*. 

Nun isfc (A*)“+(B»)» + (A'‘ + B=>)^=:Z“ + U>+(Z+U)a auoh 
so daratollbar* {1)2(A*' + A*B* +B*)=:2(Z“ + ZU+U*), sodaaa also 
zunttohet z\i Idson wJiro : 

A*+A»B* + B*=:Z*+ZD+D*. 

Sotzon wir nun— w und n ala toilorfromd und tn>« vorausgeaefczt— 
A=m.* und Bc;2mw, so golil Q Woluing (1) uborm (2) w® + 
+«®=:Z* +ZIJ+TJ®. Dioso Oloioliung wird idonfcisob bofi’iodiglit duroli 
Z=m*— 2W®«— 6tti.*«.®+2)nn*+«'‘ j U=4ju'*tt— Man bokommfc 
also unondlioh violo, abor rnclit alio LBsungon von Giloioliung (1), wenn 
man sofczfc : , 

(3) Zssm*— 2nt®w— 6m*n* + 2t)m* +«* j U=4 )u®m— 4wtn*, 

A=3ttt*— rt*| 
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E.iempel\ in~2, n=l orgibt A=3, B=4, Z=5~-19, IT =24. Da 
aber ivegen der Iclentifcat o’ - = («—?/)« aio 

Helaiion (“19)^ + ( — 19) 24 + 24® =5® +5,19+ 19® bestolifc, ao bokoininon 
wir, 

3* + 4*+5*=5»+19®+2i» 

38+4® + 58 =5* + 19* +24“^ 

Eb ergibfc sioh die algebraisoha Iclentitat 
38^.48 + 68_5 i^19*4.({5 + 19^4^2[(3 4j* + (3.5)* + (4.5)*] 
=2[(3®)H(4®.5®)]®=2[5® + 19.24]8 = 2 481®, 

Aiidore Scempel ; 

5* + 12* + 13*=69® + 120® + (59 + 120)8 
58 + 128 + 18® =59* + 120* + (58 + 120)* 

Setzt man n=l, ao bekomint man die Losnng 
88 + lb* + 17*=418+2408 + (41 + 240)8 ] 

8* + 168 + 178 =41* + 240* + (41 + 240)* J 
III, Ala “Cnriosa” seien folgende amgul&ie Resnlfcato angefuhrfc : 
Zu Ila); 3*+198 + (3 + 19)8 =68 + l7*+238 =108 + 15* + 23» 

8* + 19* + (3+19)8»6* + 17* + 238 
3® +19® + (3 + 19)8 =10® +15® +23® 

' ZuIIy){ 

21 * + 28* + 36* =245s + 931 * + {245 + 931) » =21 * + 1064» + (21 + 1064) * 
218 ^ 288 + 35® =245* + 931 * +(245 + 931)* =21* +1064* + (21 + 1064)*. 
loh konne noob keme aUgemeine Losung der Identitftt 
r A*+B* + 0*=Z*+TJ»+(i3+U)®=D8+E8 + (D + B)> 

(A®+B8 + 0®=sZ*+U* + (Z+P')*=D* + E* + (P+B)*, 

doch floKeint ee mcbt sobwidrig zu sam, eiae allgemeine LasUngswiietbodQ 
zn findeui 

Bulk Oal. Math. Boo., Vol. XXVH,‘No* 1 & 2 (1936), 
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Q-EWISSB FRAaBN DEE ZaULBNTEEORIE 
BY 

Alfred Mobsskbr, Nwnherg {Oe^many) 

Fi’age t Wio heiagt clio allgemoine gtiiiKKahligo Lbsung dor Idonfcifciit 

Pi + Pj + Po =Qt 'i-Qa "f-Qs +^0 *) 

P»+P*+P’=:Q«+Q»+Q3==U?+R“,+Rg;, 

wonn nur posiiim Zalilon vorwondot woi’don sollon ? 

HJxempol hei Vono$nihmy von posUivon tind ncgaUvon Zahlon * 

T 25+25-1 = 1 + 19 + 39=59^-9 + 31, | 

25* + 25®-l®=l'‘ + 19»+20'‘=9'>+9ft+318 j , also 
Sfl + So^ios-ia^tQa+aQSKSo + So+Sl®. 

It 81+81-101=:l6 + l6 + 29=:25 + 25 + ll i 

818+8l»-lOl®=:l6®+10’+29'=:2D»+25'’+ll® J , also 

3\»+3i9-_10ia=;2^*+2»=+29»=:5«+5« + ll*. 

m. lOO + lOO-<lj=4 + 76 + 116=36 + 30 + 12di | 

100® + 100* — 4i® =4® + 76® + 116® =36® +36® + 124® J , also 

10o + iqo-2®=2® + 70®+116®=C®+6® + 124«. 
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AL1?RBD moessner 


Es S 10 Aj, Aj, Aj, A*, At, eine anthmefeisolie Roiho, wolcha 
aus ganzzahhgen aiiedern besfcehfc, woven miv 1 Gliod kowo gaiiKo 
Quadratzahlist. { JUxem^el • 1 \ 13\ X7\ 409, 23>) Naoh wolohor 
Method© findet man solohe ariihmetisolie Reilion P 1st dio arifch- 
mefcisohe Piogresaion A^, Ag, Ag, At, Ag, A^, in ganaon Zahlen moglioli, 
wenn nur 1 ffiied keine ganze Qnadratzahl isfc ? 


Bull Oal. Math Soo , Vol XXVII, Xos 1 & 2, (1935). 
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pN A "Few Algebraic Identities 

BY 

S. 0, Ohakrabarti 
(Oaloutia) 

In a previous oommunioation * xt was shown that bho eeries of 
opomtions nooessaiy for eif doting tho resolution of a faotoiahlo 
cloiommant, may bo replaoocl by a Binglo oporation and that when 
this operation is performed, on tho samo dotorminant, somo algobroio 
iclon titles are generally obtained Boyeral identities oh tain od m this 
manner have already boon published and a few more are given in 
tho present paper In pioving the identities given hero the following 
two theorems are of groat use . — 

(t'j ‘IE 1, a®,,.,aio used as the auooossivo multipliers, tho 

first ole ra out of the rth order of diiforonoos obtained from tho series 

^^0) Waitttis 


3 ... (1) 

i6ta(y 

whore ‘‘S^, dohobos thd diim of tho products of r faotora 1, a, a*, a®.,, 
taken te at a time ; 


(w) 


’'S*=0, if ft) is negative or > r j 
if ft5=:0,' 

■g — [i] 

'“Wn 


... ( 2 ) 


* Ohakrabartlf 0, ‘ On the Evaluation of aomo Pactorablo Oonfinuanta.’ 
Oal, Math 8oo., Vol 18, (102q 38), pp. 71 84 and Yol. 14. (1930 24)^ pp, 01 106, 
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whera 


[e] 1 )(<* — l)(a — — 1 )) w—c 18 a positive 

integer j 

«=:o; 

C#]=5l, if M— 0 is a negafciYB integei’ j 

and ["]— Of if K. 18 a positive integer and o is 0 or negative. 

1. Denote 

n and o are both odd or even integers, 
and [?]ai=l, if C>rt, 

Then 

» rSft_l_2,0 

(i) 1 ,&(-)*, . (8) 

and (u) 1 J . (4) 


Pfoo/I Let the left-sides of the above theorems be denoted 
respeotively by 0» and D*. 

Then it can be shown by ( 1 ) that 18 the first element of tho 
2 A< + 2 th order of differenoea obtained from the senes 

and the first two elements ot the Ss+lth order ot differenoes obtained 
from tbs same series are 


* r2ft + l~2aj-| 

*Ko ^ ^ ^ fi’^d D* respectively 

Therefore, (-)» [ i J 




( 5 ) 


ON A FEW AliQEBRAlO IDENTITIES 
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Again fiom the sovies 

Similarly as (5) "we arnvo at 

j r 2k+l-2x 1 

s (-)* L 1 J 


D 


* + l ' 


k 

5 

af = 0 




Theroforo, hy (5), wo have 


Let us now assume that the theorems (3) and (4) both hold good 
in the /fth ease, then it oan bo shown by (5) and (6) that thoy are 
also tiue in the /i.>flth case, but by trial wo find that they hold 
when /(!=1 Therefore thoy are established by induction. 

2 (i) "+>S, ’*8 , “Sm ... (7) 

(ii) *SfC=:"S^ + a" "Sr-i (8) 

These two theorems may bo easily proved by (2). 

If a=l, oaoh of those thooroms roduooa to 

Oori— c:; "Or-i + 


{Ui) 


k (-y 


r 2/(i+l-2a 




PWiS- 

By (V), Iho loft-sido 


(9) 


k 

j= 

NE 30 


i-r L 


r a/f+i- 


‘2^ 


flfcg 


it M 


• BO ' * 
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L 1 J «' 


*'S, 


h 

: 3 (■ 

KtaQ 


r 2 i-i 

-2a) 1 

- a (-)• L 1 

J 

«»o ^ 


k-t r 


+ a**+a % (-.)• 1 

1 J 

#W0 ^ 

•J* 

r 2/(+i-2a) 1 


-)' L 1 J 

t 


*-i r 


+ a***^* S { — )" L 

1 J 


•*Sn* 


«E>0 


n,, by (7} 


Hon 00 tho fclioorom is provotl. 


(»v) % ( 

Nl^O 


r 2/f+i“2,it 1 

-)* L 1 J + (lO) 


Juat as (9), the loft siclo is roduoiblo to 

K r »— (0 1 

8. (-)• [n-w-s+l J'S. 

«no " 


=0, [ 1 OJ, [ ]„'(«-«) (IJJ 

aoQOfdin^ as 8 is <sj saoi* >r, S being the numbov of faotora in otiiah 
tern o£ the summalion. 

JProof t— 

Let US take the sorios 

[::S], [.nil], [.5!.].... 


ON A FEW ALQEBRAIO IDENTITIES 
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nd obtain fi’om ifc, by aotiial oaloulafcion, the sucoeasivo orders of 
iHeroncos by using 1, a, , a®,,, .as multipliers The (ii’st elements 
r the first tin 00 oiders of aifferonces, thus found, are respoobivoly 


1 5! a 

r «-2 1 

r 8 ■ 

J(a — l)a , 

tt — S-pl J 

h-iJ 


[w-7+1 ][s -2 

b’ocooding thus we can dodnoo the firpt element of the rtli order of 
lifferenoes, viz., 

[w”s+l][8r.r + l 

vlnob is the right-side of (11) when S>i‘ but it equals , 


[ 1 or ssero, 

ocoi’ding as S=or <r, But tho left-side of (11)) iS) by (1), the 
irat element of tho rth ovdov of ^differences obtained from the same 
orios. So the theorem is proved. 


4. (^y 

xao 


^^■(a n-r-~l) 


, 1. >-(3 


(12) 


Tho proof 18 similar to that of (11), tho loft-aide being the first 
domont of the Hk order of differonoos obtained from the aonos ' 


1111 

'a’*’’®-! ’a'*-'®-! 

I 

ly using 1, a, a®, a*',,,, as tho suooossive multiphore^ 
6. Jj6t 


% (-y *S 

( 1=0 


r 1 


b-hl JH) 


kvboro 


R. « ^ 


r. 


' > X.' 


1 \ 


' u 


and r^S, r, k, j> and 8 be'in^ all positive integers. 

0 
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, Than, 


{i) <^=0, if8<p5 

(ii) A=(— if 8~„ . 


(mj ^=0, if 8 > 2 ? but <fc+] } 

(i‘u) 4»=[n*+’-S;,a*<’'“*-'>, if 8=A+1 ; 

{v) <^ = *S,[8-p + l][^~^ ^][r~8+l]a^(’'"®^ if8>Jt+l. 

Tlio theoiom fails if 8>?. 

P? oof ; — 

Lot ua considoi’ tho particular case when 


2) =4, ^r=r7 and r=:12 

Then 

^=»So[i3-8]b„-»S,[ I2-8]b.+...-iS, [elajE,, 


where 

Rn=: 


n. - “S*a* . “S,a» 

*-•'0 

a^ — l 

’ ‘ o'-l^a»-l’ 

R.= 

“S*a« 

^•S,*S.a» ^‘S.'S.a* 


a“— 1 

^ a’-l ^ as-l ’ 

R,= 


, . "S/S.ao 


a“— 1 

a“ -1 a’-l a8~l 


Hencs in the coefficient of 


a — 1 


(g variea from 0 to 3) 






= (-)' 


§ = 0 ' 


12-5-« 1 

13“?-«~8j*S.,b3r<2), (15) 



ON A MW alqebuam idbNtitibs (til 

But by (11), 

a (-)- [ ]*S,=:0, [ 1 

or[ ... (14) 

according as 8 IB <,=or >4. 

Ill 

(0 From (13), wo get tho cooflioientB of ~ — j- , ^ — j- , — , 

and-^^™ each of which vanishes by (14)) when S <4, 

Therofore, .^=0, if 8=; 1, 2 or 3 

(«) If 8=4, from (13) and (14) we have 

='S.[i]a».J^(-)'jF4ri ’SiibyCS) 


But by (12), 




B 

2 

qso 


,\^ = — if8=4, 

(tu, tw, e) If 8 >4, by (13) and (14), wo have 

13 - 7-8 ] 

X [ 8-3 ]a‘<“-'-8> 5 j4::y 


«»0 


= ^^(-)’[}3%-8]“S„by (2) (J.5) 
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But by (11), , ^ ^ 

J (*-)'^[l3-.gL8]8S,=0, or[l3-8][8-7]ft’^^^2‘~^) (16) 


according as the number of factors in each term of the summation, viz , 

c 

3—5 <,=:or >3tc,,as8 <,=or >8, 

Hence 

0=0, if 8=5, 6 or 7 

The values of 0 when S=or >8 leadily follow from (15) and (16) 

In the general ease we are first to wnto out Rq, R,, Rg, R^, , 

B,,, Rj.+ iRj ,+9 and then from 0, pick up separately tho coofliciontq of 

\ 

1111 

These ooeffioients will enable us to doduco the cooflipiont of 

1 

varies from 0 to l—p), winch is 

I 

= L»-J-«-S+l J*S,+/+'S, 


= (-)’ “Sj+Z+'S, r-g-J-S + l ]"S„ by(2). 

Then proceed just as in the particular ease given above 


^ Bulh Oal.‘ Math. Soo., Vol XXVII, No. 1 & 2'. (1936) 
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On a Problem in ihe Stability ov a Circular Vortex 

BY 

Manohar Eay 
{Calcutta) 

1, hUroduotion i — Lorcl Kolvm* has oxaminocT tho quostiou of 
stability of a cii’oulai’ vortox siiiToundoil by an uifinilo fluid moving 
ii’iotatioiially, in. iho caso whon llio vorticily is uniform and has shown 
that tho motion is stable wlion'iho disturbaiioo consists of a sysiom, of 
coi’i'iigations iraVollmg round tho olroumforonco of tho vortox In tho 
prosoni no to flrstly, it is pointod out that iho stability is iinafCootod for 
such disturbaiico ovon whon tho vorticity is a function of tho distance 
frohi ‘tho cGiitro of tho vortox Socoudly, a modified pioblom is 
attomptod whon tho vortox surrounds a concontrio cylindrical obataclo 
which IS forced to oxoouto small vibration, Tho qiiostion is wliothor 
such a configuration is possible or tho system will break up. It is 
shown that if tho inner oylindor oxocutos small circular vibration the 
system bay bo stable only whou tho vorticity is uniform It has also 
boon posBiblo to oaloulato tho forooa noooasary to maintain tho vibration. 
Tho oxfirossions rosomblo Blasius's for 00 compononts on a flxed 
oylincler in a uniform stream with oiroulation 

2, Htahility of a civcvXar voilcx with non-tiniform voiticity i— ■ 

In tho first place, lot us suppose that tho spaoo insido tho oirolo 
a, having tho oontro as origin, is occiupiod by fluid having a 
vorticity whioli cloponds on tho distanoo from tho oontro, and that 
this olroular vortox is surrounded by lluid moving motabionally. 
Then wo roquiro tho solution of tho equation 

(I) 

whoro ^ is tt function of r only, 

•• Bli W. Thomeon, “ On tho Vibration of a Columnar Vortox,” Phil. Mag. 
^(5) X,166 (1880)* 
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In polar coordinates, (1) becomoa 





i.e , 

r 

’ say 

0 

... (2) 

so that 

,/i=_[P(a)_F(r)], 


where 

r 

Jmdr=F(,). 

«•« (8) 


Now from (2) 


and if 0 ), be the angular yolooity of rotation at distance r 
r(o,=f(»), 

Hence we assume, 
for r<a, 


**• (4) 


and foi r>a, 


'/'=~[FCa)-F{r)3 


... ( 5 ) 


'A=-B log® . 

y 


... ( 6 ) 


The Meumptoes (B) and (6) give the radial component of veloolty, 
diA 

zero on both sides of the circle r=a, and in order that the 

trtaeveree component may be contmuone on r=a, we must have 
frpm (5) (6) and (3), on y=a, 


t=F(r)=/(t), 


f.e, B=a/(a). 


*•* 


in 
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Thus tli6 constant* B in (6) is dotormined. 

Giving iho system a slight irrotational disturbance, vre take, 

for r<a, i^=: — [I’(a)--ir{'>)] + 0^ cos (s0— o-^), ... (8) 

and for r>a, log ^ +0 — cos (s0— o-i), ... (9) 


where s is integral and 0 very small. 

The above assumptions (8) and (9) evidently mako the radial 

component of volooity, — continuous at tho boundary of the vortox, 
? o(/ 

for whioh r=sa approximately. To examine tho oontinvuty of tho 


transverse oomponont of volooity, , wo take for tho onuation of 

or 


tho boundary 


rssfl + acos {sO —af), 


where a is very small, 


f.e., r=:a+^, (lo) 

where { is small. 

Thus we must have on (10), 


/(r) + Os2^0os (s0— (rG=5— 0» oos , 


».e., /(u+i)+ — oos(s0— (^1—- ^ ^ cob at) 

a a> \ (V / a ' ' 

or /(a)d*^/''(a) + .«,4' ^ cos («d— cos (fid—ai) 
a a a’' a 

or, using (7) and substituting fov 



««« 


( 11 ) 
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Wa are sfcill left with the dynamical condition that tho vortox-linos 
move with tho fluid whioh requires that tho normal velocity of a 
particle on the boundary must be equal to tliat of tho boundary itself. 
Tljiia condition ^ives 

1 dd r 09 Od ’ - 

whore ? has tho value (10) 

Thus from (8) and (10), we get 


ao- sin (sO-'-a-ij—Os sin (sO-^o't) 

ft* ' 

+ [F'(r) + c/- ~ cos (sd-ff/)] ^ sin (sO— tr/), 

Cv 9 ' 

whonce neglecting quadratic terms in a and 0, 

«o-=^ +r(a)^~^^+fJ^as, 


ft ft ft 


... (13) 

I 


from (8) 

Thus from (7), (11) and (13), we got, substituting for B and Cj, 






+/'(«) 


} a 


ifl, + s, 

a 


(14) 


where is tho value of ^ on r—a 

If til „ bo tho angular velocity on the nm r=:q, 


hence 


- ft 

£r=sa»„— 


(15) 


The angular velocity of the sinuous Waves of disturbance is 


11 ' 


i r =“«— ~ 
s $ 


a«) 
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Honoo the oii’oular vortex with a general law of vorfcloity symmotrical 
with respect to r is stable for a ou’oularly trayolUpg dis turban oe of 
irrotational type. 

If the vortioity bo uniform, f.o., 2^=soon8fcaiit=sw, then (2) gives, 


lienee (16) gives 


/(?•)= gr ^ r, so that w. 




(17) 


This result is the same as that found by Lord Kelvin.''* 
3 Vibration of a circular oyliinler inside a oiroular vmtea 


Next lot us suppose that a oylindripal body with oross-saotion r^b 
(i><a) vibratos with volooity (U cos U am whore U is small, 
inside the circular vortex. 

IE Hr,' U q bo bho ooinpoiionta of voloof by radially and brans vovaoly 
at any point, due to tlio pro^onoo of bho vorfcox only, p the prosHure, 
the equations of motion aro 

(. 'I 


' ( 

whoro 2e=|^+^-l|«i, 


... (18) 


... (19) 


and 


r QO ’ ’ 


Qr 


( 20 ) 


whioh satisfy tho equation of continuity. 

If and p' bo tho contributions due to tho vibmtion of tho 
inner oylindor, so that u'^ and aro all small, they satisfy the 
oquatib'hs, 

* H. Lamb, llydioflynathloa, 6fcli Editipn, lOM, p 281, ~ " 

7 
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1 0«/ J.1 _S 

p r 


|-^(P+P')= ^ +|:-p(«?+«g+2«,w',+2«Xe)+2C(«, +«',), 


, ( 21 ) 


neglecfciiig the quadratic terms m w',, and assuming that thp 
vibration of the inner cylinder produces only an irrotational disturbance. 
Thus from (21) and (18), we get 


Vlf'=W'+fr 

“p ref ■*'r ^ (^rwV +»()«'()) +2^w', 


(22) 

(28) 


where ^ bej^g the addition to 

due to the vibration of tlie inner cylinder. 

But «, =0 and is a function of v only, as seen form (5) and (6) 
BO that we get the following equations, 


i H-' 




■f 


(24) 


!ljet us now assume, 

w ,r— cos (0— «i), siH (d—nt)t sin {fi — nt) 


where p" are function's otr only. ' 

Then the equations (24) give 


P r 


+2C»%. 

T < 


( 26 ) 


\ 
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Now iff' eatisfios the equation 

+ll£+i^ =0 

Q-)'* 4 ft /J‘ »•* ft fl* * 


1 9r r* 90’ 


... (26) 


80 that putting sin {0 -n^) wlieio i/f" is a function of i only, the 

equation for is 



Substituting those values of «'% and in (36) wo have 

••• <''“1 

-^=_nr^ (266) 

Difforentiatiug (256) with res poet to r and uaii/ig (27) wo find that 
the resulting equation is oonsmiont with (26a) only when 


ill 

d/r 


=0 


> 


t,o., l=i constant. 


... (20) 


Thus the condition of oonaistonoy of (26) and '(27) ceqniroa that 
the Tortioity should ho uniform. 


Then from (256), 

> 

... (30) 

p or or ^ 

Again, since u, is zero'* and Uq is a fUnotion of r only j equations 
(18) give 

- ( 81 ) 

p A 



Thus the corapleto value of the pressuw at any point is obtained 
by adding together (30) and (31) and is given by 

+ +2^f, ^ .. (32) 

where is some constant and «o= ' ' ’ ’ . 

dr 

df. Detej )p^miion of ^ and xj/*;— > ’ 

Now xf, is the stream function duo to the presonoe of the vortex 
o^ly and f duo to the vibration of the inner cylinder, so that the 
complo'ko streaiu-fuTiofcioi] 19 giyon by 

(83) 

^ Since ^ is constant, let us assume,* 
for 6<,<a, ^=-K(«*-r») + (Ar+]L)sifl (()_„«), „’ ( 3 I) 

for .r>a, kg ^.+^0 

where Ag B and 0 ai’e small constants ' i 

The boundary conditions to bo satisfied are, ' " 

1 Q \b 

on r— &, ^ sU coa cos 0 + U sin nt sin 0=tJ qos (tl-nO, (36) 


1 


on r— a,^ —L ^ fa to be continuous, 


on r=a,+« sin where a is small, 

C ' * 1 


is to be oontinuous, 


and ^'P 1 _ar 

ri r r ar r ad ’ 

at Infinity the velooity is to be zero, which is evident from (38). 

i.i*' ) »♦* o 

* Lamb, EydrodynamieB, already mentioned 


( 37 ) 

1 

(38) 

(39) 
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Tho conditions '36) and (37) givo 

1 

A5“ + B==-U6% 

(40) 

Aa* + B=0 

" ) 0. 

From (38), using (41), wo got 

V' ^ 

2£a= -2A, 

... (41) 

... (42) 

and tho condition (39), with tho holp of (42), gives 

B 

a»=- . 
a“ 

... (43) 

Prom (40), (41), (42) and (43', we get the following 

values for tho 


oonstn-nts A, B, 0, namoly, 




A=- 




XJa^hhi 





Substituting tliQSO values of Aj B, 0 wo got the sir earn ■function 
from the equations (84) and (35). Tins shows that tho originah 
oiroular vorto'c will not break up but vibrato in unison with tho central 
oylindor (wliioh is supposed to produce only irrotatioual disfcurbauoo) 
provided tho vortioity is uniform , 

5. OalonUiioji of the Rosistance 

Prom tho solutions obtained above we can oalonlato the resistanoo 
or tho force necessary (up to the first ordor) to maintain tho vibration' 
of the oylindor. 

Por 6<r<a, i/'ss— i/f' =^Ar+? ^siu(^^“•n^), 


so that and ^ s=:^ A — sin 



M. 


6i 


hence from (32), 

Z =zt2.—L2 / A— ? ^ sm (^—ni) 

p p Vi \ r*/ 

+2^ ^ Ar+^ ^ sin (0— «^) ... (45) 

If P, and Pg be the components of the rosiatanoo experienced by 
the inner oylindrioal body » =6, due to its vibration, then 


-air 

(jj)rBj 0080 6dd and Pjs;— y 8in0 bd0. ... (46) 


Substituting for p from (45) and putting in the values of the 
constants A, B, 0, We get at onoe, 


g.=+,rp [ +2; ji.u C08 nt. 

^ That IS, 


... (47) 


Pi— K^Vj, 

P, = -KpVi, J 

Tvhere (V^, Vj) is the velocity of the inner cylinder r=6 
and K=^ 7 r 5 - f ^ 1 

L fft*— «a" J* 


.. (48) 


This result resembles the Blasius's expressions for the foroe- 
oomponenta on a fixed cylinder in a uniform circulatory stream. In 
particular when the angular velocity of the waves of disturbance 
relative to the rotating fluid is zero, le, K=— 2Tr6*f, which 

can be regarded as the strength of the portion of the vortex displaced 
by 'the cylinder. 

In conoluBioD, I want to express my gratefulness to Prof^ IT. R, 
Sen for his kind help in this work. 




Bull, Oal. Math, Soo , Voh XXVII, Nos 1 & 2 (1936). 
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A Note on the Convex Oval ^ 

BY 

Er 0. Bosk 
( Calcutta Vniversity) 

Intboduotion. 

Oorroftpondmg to speoial properties of the ellipse it is often possible 
to find properties of the closed convex oval The object of the present 
paper 18 to invostigato tho proper ties of the oval corresponding to tliO^ 
following proportioa of the ellipse .—(1) At a point 0 interior to tho 
ellipse just one chord is bisooted, unless 0 is the oentio of the ellipse 
when an infinite number of chorda is bisected. (2) If 0 is a point 
interior to tho ollipae, tliero exists just one pair of parallel tangents 
equidistant from 0, unless 0 is tho centre of tlio ellipao when an 
infinite number of such pairs exist. 

Corresponding to the property (1) I prove 

TlieordIDi f A)* If 0 is any point within a closed convo» oval, then 
if a finite number of chords is hieeoted at 0, this number must ho odd, 

Thoorem (B)* ^t least three disHnoi chords are bisected at the contio 
of mass of tho area of tho oval. 

The property (2) of the ellipse may be looked upon as the dual of 
the property (1). In fact I prove 

Theorem (C). I^ho number of chords hisocted at a point 0 within a 
qZosed (?o»roii oval is exactly equal to the mmhoi of pairs of parallel 
tangents equidistant from 0, 

I’rom this it follows at once with tho help of tho previoua theorems ; 

Theorem (D)« If 0 point within a closed convent oval and if 
thereenstsaflnitenumhor of pairs of parallel tangents equidistant frpn 
C, this number must ho odd, 
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TheoreiM (E). On an oval V thoro aio at hast throe fairs of 'polnts^ 
such that the tangents at each pait are farallel, and the distances of the 
tangents from the centre of mass of the area of the oval ate equal, 

Stoiner* has defined the curvature centroid of an oval, as the centre 
of mass of the perimeter of the oval, if every point of the perimetor 
18 considered to have a density equal to the ourvaturo at the point, 
Hayaahi has proved that tho property of the Theorem (E) holcla also 
for the ourvatiuo oentroid t 

From this it follows at once with tho help ot Theorem (0) 

Tlioorom (F)» -At least thiee distinct cho'ids of a olosed conveo oval Y 
are bisected at the om oature ceniiiod of Y, 


h 

1. Let Y bo closed conTOx oval, and 0 a point to tho interior of 

tho oval In counting tha number of chords of Y biseotod at a point 0 
■wq .shall adopt the following convention Oonsidor a chord POQ of V 
pi^ssing through 0 and turning about 0, P and Q dosoribuig thq 
pval. If as POQ passes through tho particular position, PoOQo, tho 
ulgebraio differenoa OP-^OQ vanishes and changes sign, Po^Qa 
counts as a single chord bisected at 0, while if tho algebraic diHoronoo 
OP-OQ vanishes but does not change sign, PoOQ^ counts as 
|rwp chorda bisooted at 0. This oonvontion may bo analytically 
expressed m the following way If ? ^f(O) is the equation of V with 
reference to O as the pole, and a suitably chosen line as the initial 
hno, and if d and d+ir aie the veotoiial angles of P and Q then if the 
function f^e}^f(d-\-Tr) vanishes and changes sign at the chord 

joining the points whose vectorial angles are 6^ and $o+Tr oounta as 
a single chord bisected at 0, while if the same function vanishes but 
does mot change sign ab 0 ^ 0 ,, the chord under consideration counts 
as two chords bisected at 0 

2. We shall first prove the following Lemma 

Lemma If Y{d) is a continuous periodio function of 0 with period 

2 rr having Ihe property F d) + F\0 + 7r)=O, ihemf has only a 

finite number of roots tn a complete period, it must vanish and change sign 
at an odd number of points in the half period {0, rrr~Q), , ^ 

» - f ^ 

(18^)^ ^rufptouugssohwerpuukte eb^ncr KurVpu PrelL, ;r 81 

\ % Hayashi Rpnd, Giro. Matem, T, L (1926), 
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In tho firafc plaoo supposQ F(0) +vo Thon F(7r) is —ye, 

Let 01, 0g 0„ bo all tho points in (0, tt— 0) nfc wliioli P(0) 

vanishoa and ohangos sign Wo liavo to prove tliat n i,s odd. lu oaoh 

of tlio (»+l) intervals (0, 0i), {0^,0^) (0,, -tt-O), 

F(0) maintains sign oxcopt that it may vanish at a fiinto numhor ol 
points ■vvitliin any interval Tho sign of F(0) in tho first intorval 
(U, 0,) is d-uo, being tho same as tho sign of F(0), ivhilo tho sign of 
F(0) in tho Inst interval (0n, tt—O) is —re being tho samo as tho sign 
of F(7r) Now tho signs of F(0) in tho (w + 1) intorvala iindor consi 
deration aro alternately positive and negative, thus tho sign in tho 
last intorval cannot bo negative unloas (w+1) is oven, 'or n is odd 

In ease F(0) is — w, F(ir) will be positive and a similar proof 
applies, 

When F{0)=:0, thon sinoo tho numbor of roots of F(0)=Oj has 
been supposed to bo finite wo can find n value o such that F(a):^0, 
Let l‘’j(0)t=B'(0 + a) Thon from what has boon proved Fi(0)=O, has 
an odd iiumhor of roots in (0, tt-’O), so that F(0)=O has an odd 
number of roots in (a, Tr+a—O), But from tho property F(0) 
+ F( 0 + 7 rl=:O it follows that corresponding to any root 7r+0j of 
F(0)=O in tho intorval (a, Tr+a— 0) there exists a root 0^ in tho 
interval (0, a—Oj Oonsoquontly F(0)5=O will also havo an odd 
numbor of roots in (0, tt—O), 

Wo havo thus oomplotoly provod our Lemma* 

3. Theorem (A). If 0 zs any yoint ioUhin a olosod convoD oval V, 
then if a fmito mmiber of ohoids is hisectod at 0, this lumhei must 
he odd, 

Lot rc=/(0) bo the oq[uation of V with tho roapoot to 0 ns tho polo 
Thon if a chord Po 0 Qq is bisootod at 0, ono and only ono of its oxtro- 
mitios (say Po) will have its vooLorial anglo 0^ lying in fcho intorval 
(0, TT—O). Tho ohord, howovor, oounts as a single chord or a doublo 
chord aooording as F(,0) b/( 0) ~/(0+7r) vanishos at 0o changing sign 
at the samo timo or vanishes at Oq without ohanging sign. Tho 
numbor of single chords of V bisootod at 0 is thus oxaotly equal to 
tho numbor of roots of F(0)=O, in tho interval (0, tt—O) at which 
F(0) vanishes and ohangos sign, Now F(0) obviously satisfies the 
oonditions of our Lemma. Oonsoquontly tho numbor of single ohords 
biseotod at 0 'is odd, The total numbor of chords bisootod at O, must 
thoroforo also bo odd, sinoo other ohords biseotod at 0, count as two 

8 



68 


H, 0. BOSE 


choids, apd therefore do nob matter; bo far as ovenn ess or oddness 
IS concerned, 

Corollary, -f/ two choids me bisected at a point 0 within a closed 
convefo oval, there mnst exist a tliiid choid lohich is bisected at the point, 

4 Theorem (B). At least thiee distinct choids aie bisected at the 
centre of mass of the area of an oval 

I^et 0 be the centre of mass of the area of the oval It fallows 
from Theorenn (A), that there must exist at least a single chord PqOQo 
of V, which IS bisected at 0 and counts as a single chord bisooted at 0, 
Let r=_/(j9) be now the equation of V, referred to 0 as the pole and 
OPq as the initial lino. Sotting as before F(0J=/(^)--/(d'b7r) it 
follows that P(0)=0 wo shall first show that F(0) must yamsh and 
change sign, at least at one interior point of the interval (0, tt) 

Now the distance of the 0, G, of V fi^om the initial lino is given by 

*1 A ^ TT 

Sin0rf0, 

0 

where A is the area of the oval* Since the 0 G lies on the initial lino 

itself 

/ aTT 

BinOdO==0, 

0 

or by an easy transformation 

[{ A^)}““ { A^+7r)}«] sindd0=O (i) 

0 

J^ow if F{d)— /(6)-/(^+7r) does not vanish and change sign at 
an inteiior point of the interval (0, tt), the integrand in (i) maintains 
an invariable sign m the interior of the interval of integration. TbiS; 
however, makes the equation (i) impossible. Consequently there 
exista ^ number di, 0<d,<7r auoli that F(d} vanishes and ohanges 
sign at From our Lemma then follows the oxistenee of a third 

?lUi(nber at which F(.0) yamshes and ohangea 

sign. list Pi, Pj be points on V with yeotorial angles 6^ and and 
Qu the points of V with veotonal angles 7^+$^, n+Bt Then the 
three distinct chorda PoOQo, P,0(^, are bisected at 0, 
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1. "Wo shall now cousidor Uio niimhov oE pans of pavallol Uuigonts 
whose moinbei’S tu’o eqitulisfcanl fioni ii point 0 iiitoiioi’ to fcho oonvex 
oval V In counting tho luiinbor of snoli pauM wo shall adopt a conven- 
tion similar to that adopted in counting tho minibor of chords bisected 
at 0 Lot t bo any tangent to V and t tho parallel tangent tjot L and 
M bo tho foet of tho porpendionlais from 0 upon t and r. Let how i 
turn remaining tangential to V tf as i passes tlirough a parbioular 
position ^o» •'1^0 algebraic difference OL— OM vanishes and changes 
8igii> ^o'^'o ohunts as one pair of parallel tangents ociiudistant from 0, 
while if OL— OM vamslios but does not oliango sign then counts 
as two pairs of parallel tangents oq^uidiatant from 0, 

2 Wo shall now prove the following tlioorom 

Theorem (C) jlViG nmnhor of clio)ds hisoctad at « point 0 within a 
olosod convex oval V, is equal to tho number of paii 3 of pamllal tangents 
equidistant Jiom 0, 

The rofloobion of any point or hue in tlio plane, in tho point 0, wo 
shall denote by plaoing a dash on tho letter denoting the point or tho 
lino Thus P' denotes tho i^olloction of the point P in 0, while t’ denotes 
tho relleotion of tho lino t m 0. ISTow as P dosoribes the oval V, P' 
describes anotbor oval V' which is tho rollootion of V in 0 If i is 
the tangent to V at P, t' is tho tangent at P' to V', Now if POQ is 
a chord of V bisected at 0, then P' coincides with Q and Q' comculos 
with P, BO that V' moots V at the points P and Q. When POQ counts 
as a single chord biaootod at 0, according to our convention it is easy 
to 800 that V' orossos V at P and Q, while if POQ counts as two oliords 
bisootod at 0, according to our convontion thon V' touches V from 
within at ono of tho points I* and Q, while it touohes V from without 
at the other point. Thus if a common point of V and V' counts as a 
single intorsootion or a doiiblo iutorsoution of V and V', aooording 
as V and V' cross at tho point, or touch without oiossing wo can 
assert that tho numbor of intorsoolions of V and V' is exactly double 
tho number of chords of V bisected at 0 In tho same way if a common 
tangent of V and V' oouuta as ono or two according os its poipt Of 
contact with V is not, or is ooinoidont, with its point of contact with 
V', wo can assort that tho numbor of common tangents of V and V' 
IS exactly double tho numbor of pairs of parallel tangents of V equidis- 
tant from 0. Bub as V and V' aro olosod oonvox ovals, tha number 
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of tlioir in tor sections is exactly e(^ual to the numhor of tlieir common 
tangent?, Henco our tlicorom, follows 

3, From Theoiems ( \ ) and (B) we now doiivo — 

Thso 1*6111 (D) If 0 IS any point loithin a closed convex oial V and 
if theie exists a Jinito numlm of pans of ‘parallel tangents equidistant 
/j ovi 0, ttion this nwnber must bo odd 

Thooi*61II (E) On an oiaZ V tJioic aio at least l/iteo pans of points^ 
such that the tangents at each pait aie parallel and the distances of the 
tangents from the centre of tnass of the aioa of the oval a 9 6 equal, 

Uayashi lias shown that tlie pioperty of the Theorem (JB) is tmo 
also TVitli respoot to the ourvatuie centroid of tlio oval,» We deduce 
at onoB 

Theorem CE) At least thee distinct chonls of a closed convoe oval V 
an bisected at the cw? vatuie conhoid of "V, 

In conclusion my thanks aio due to Profossar Dr S llukhopadhyaya 
who suggested tho investigation to mo 


* T Hayaaln. Loo oU 

Bull Oal Math Soc , Vol XXVII, Nob 1 & 2, (1935) 
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Flexure oe Beams oe certain Forms oe Cross-sections 


BY 

S, Gnosn, 

AlUioiigli ilio lorsion problem bas boon worked onl for a largo 
number of oasos, tho soluiion of tlio floxuro problem is known for a 
comparaiivoly fow bound an es only. As far as I am aware, the only 
two known cases, where elliptic boundaries appear, aio (1) when tho 
cross -section consist a of an ellipse, and (2) when it consists of two 
confooal olUpsos In the present paper, I have given the solution of 
tho tloxuro problem for a beam whoso oross-aeofcion consists of ( 1) 
n somi-ellipso, bounded by its minor axis, and (2) an ollipao and 
two equal con focal hypoibolas Finally, tho second of thoso oases 
has boon reduced to tho interesting case of an olhptio beam, with 
two oraoks extending from tho foci to the boundary of fcbo ollipao, 
along itri major axis 

Wo take tho oingin at tho control d of tho fixed ond of tho beam, 
and tho lino of centroids of tho cross soctiona as the axis of a, which 
we consider to bo horizontal. 'The axis of x is taken vertically down- 
wards and tho axis of y horizontal Further, tho axes of m and y are 
assumed to bo parallel to tho principal axes of inertia at the ooiitroids 
of tho eross-sootions. Tho load W aots vortically downwards and 
is applied at tho centroid of tho other ond of tho beam. 

Omitting rigid body displaoomonts, tho displacements are given by* 




• ( 1 ) 


* Lovo, *Tho MttUicmatioal Tliooty of Elaslloity* (4tb od,), p, 804, 



62 


s. aiiosrt 


where I is the moment of inertia of a cross section about its principal 
axis paiallel to ojj and E and o’ denote Young’s modulus and Poisson’s 
ratio for the mateiial of the beam. 

<f> is tlio torsion function for the aoction and is a function indepen- 
dent of «, which satisfies the equation 






( 2 ) 


at all points of a cross section, and the condition 


Ox 


~ « } ^ni{2 -f 


(3) 


If ?n, 0 being the dii eotion cosines of the outward drawn normal p 

* The twist t IS to be so adjusted that the couple about the axis of ii 
Vanishes* 

The strained central line outs the strained cross-sections at the 
same angle ~ where * 




El 


(li).’ 




(f® the value of at the centroid of the 


cross - 


section. 


Semi' ethpizo Beam, honyided by the Minor Axis, with the 
Minor Axis horizontal 

The centroid of a oross-section lies on the major axis at a depth 

below the mitior axis, where a, h are the semi-aites of the elliptic 
boundary, 

Let 


aj-l-fta— -d oosh ^ cos tj, y=zo sinb ^ sin y 


(5) 


* Love, loo cU,,y 889 
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The curves ^=con 8 tanfc, are ollipaes with semi-axes o cosh 

0 Binh 

The our VOS i;— constant, are con focal liyperbolas The curve 



IS the positive half of the y— axis, and the curve r) = — ^ , 


IS the 


negative half of the i/— axis 
Also 




(cosh 2^—008 27 }), 


... (6) 


Lei the boundainos bo ^i:: 5 n, and 'r}^± so that 

ji 

a—o cosh a, 6 =0 sinh a, 

On wo have 


'* 'll {1™* + (1-V,!/«}-H (2 + 0-),, y, 


whore 

This reduces to 

csUi-bi, cos 'V-f'Oi cos cos 27 ;, 

Oc 

where, 

ai=(l + or)A(i“6, 

6 j =3 — (^ -b a* & — ^cr/c “ a* 6 — (-i — ^cr)6® 

0, = (b+ ^(T)a* 6 + ( V-” 


On tlie minor axis, <«= ^la, wo have 


BO that 

( ^ , 


|LXs=:-~-^ 

O V 0 a: 


1, m=0, 


0.0 


„ ( 7 ) 


... (8) 


( 9 ) 


... ( 10 ) 
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If we assume 

X=Xo = “^*<>^’‘<’+(^-^<r)((e8~3a;y*), (11) 

satis6eB the equation (2), and also the condition (3)| on tlio minor 
axis iC— '-ha ^ But, on the boundary we have 

a V 

cos i;4-C2 cos + cos 2?/, (12) 

where 

Ca = (T-to-)«*i+(-I— itr)&% ; (13) 

c?3 =— (2— 

Hence, to satisfy the boundary condition (8), we take 

X=Xo + Xii ... (14) 

where xi o- solution of (3) and is such that on the boundary $=a, 

^^=:a, + (bi-“6,) 008 ’i?+(Cx'-Oj) cos 3 j; + (i 2^— fZJ cos 2i; 

=:a3 +&8 ^ + ^3 cos 37; + ^a COS St;, ... (15) 

where 

a3=aj = (l + cr)/i:a“6, 

6g=6j— 6j= — (^+4(r)a“6i 

Cj =Ci =(— ^+-l(r)a*b, 

(fjj = (l— (r)Aa^&, 



and on the houndailes t;= + ^ =0, 

2 07 ) 


... ( 17 ) 


Also should be continuous when ^=0, 

of 

Expanding the ngbt-hand side of (16), m Fourier’s series of oosinea 
of multiples of 2 t;, between - | and | , we have on the boundary ^=a, 




= 5 Aa„ oos 2«i;. 
"=1 


( 18 ) 





» _ 4 (-1)" 1 , 12 (-!)■ . 
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The constant term in the expansion is found to be zero and ^ 

... (19) 

where d=id^ when ?i=l and ffeO for all other values of n. 

Assuming 

Xi= 2 Bj„ cosh 2n$ cos 2ny}, ... (20) 

He*! 

W 0 find that it satisfies all the conditions of tho problem, provided that 

2«Bg„ sinli 2«a=:Ag« ... (21) 

From symmetry, it is obvious that tho twist is zero, 

To find tho obliquity of tho strained central line to the oross-seotion, 
wo observe that 


(Ho\, 

\ 6 a> Jo 


■l^a\ 


When l(a<G wo have at tho centroid, ^=0, where Jtar^c cos r)a 

and then 


\ 6«! A V at) /f-,0, t)=t)o 


0 sin if}Q 1 


S 2nBa„ sin 2ni^Q, 


Thoroforo 


a ^ 2nna„ sin2«i;o 1. 

® FI L c sin T/o 1 J 


( 22 ) 


When /m>o, wo have at the oontroid, where 

7fa=so cosh ^0 and then 


f sxi 'i =( hSZi. ) 
\ a.u A V 




i . — :2 sinli 2 m^o. 

0 sinh to X 


Therefore 


s r sinh2n^o T 

® FI L 0 fiiwh fo I 4 


( 23 ) 


9 



66 


S. GHOSH 


Ucavi of JiJlltphc B&ot'ion\ioith tvjo Syinmotiioal Zoyways whoso 
Bomdanos ewe Oonfocal Hypeiholas 

The major axis of the ellipse is taken to ho horizontal 
Let 

(c=c sinh ^ cos rj, y=io cosh $ sin 


so that 


\ 0^ y V 07 ^ 


S=:~(oOSll 3 ^+COs27). 


... (2S) 


$ may have any value between — oo and +oOj find 7 may havo any 
value between — ~ and - 7=0 gives the ss-axis , 7 =— the pnrh 
of the y—axis between the left focus and —-00 and 7 = ^ the part of 
the y — axis between the right foous and 00 
Let the boundaries of a cross-section be 

^=:4-aj 7=+^® 

For an elliptic section of semi axes a, hy with the &— axis vertical, 
X IS given by 

^ 365+^5 -3, y‘) (20 

Since a=:o cosh a, 5— c sinh a, we havo 


where 

sinh $ cos 7 +t, jgmh 3 ^ cos 87 , 

... (27) 


а, coslia=-(^-.|(r)aS-(^+«cr)at®, ^ 

б, ooah3a-^[(^^^o')a» + 0-l-icr)a!)*], i 

GO 

• 

Let ns assume that 



X=Xo+Xi» 

... (29) 


where Xt is a solutipn of (2). 

Then we must have on the ellipse a, 

lr=o,w.,||i=o 
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On the liypei’bolas, 1;=:;+;^, 


Qv 


Bttb on lUo bypoibola, 7}=::{i, 

l=z^ho Bin (i amh 4 w=/iO oos (3 cosh 


and 


9x =;»|2L., 

Qv 0T/ 


and on Uio bypoi’bola, 


Bin /8 sinb 7iO oos ^ cosb 


, ax h§x 

0 I; “ Qv ' 


Ilonco on t7=/3j 


=aa Biuh ^+63 sndi 3^, 

dv 

.. (31) 

and on = 


Sinb ^+6a 

Qv 

.» (32) 

wboro 

Bin»/3-C-^+5(rK sin /J cos | 

... (33) 

sm»/i~C^+^o-)o'* sin ^ oos" J 

Whon 


sinb ^ Bin j3™36i sinb 3^ sin 3^^ 

01? 

... (34) 

and wbon i^=:— 


ainb f sin /3+S7)j sinb 3^ sin 3^, 

01? 

CO 

z;^ 

Tboroforo, wbon i?=/3j 


^j^Esq, sinb ^4*68 sinb 3^, 

dv 

.« (3G) 

and whon 7;=—^, 


MK,i sq. sinb ^4 6^ sinb 3f, 

01? 

... (37) 

where . 

a8=a»+ai sin/J ^ 

... (88) 


+ sin^ 
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SincG ’when -we expand-?-^', in a Fouriei'' 

of Bines of odd multiples of 

2a 

Honoe when >j=/S, 

Qxi — 5. A, , piT, (2l! + l)jrf 

and when 175= —/S, 


s sorios 


A nin (2» + l)7r^ 

-hJo ~ "2a ' ’ 


... (39) 

... «tu) 


where 


= 24a cosh 3a 

(2w+l)V“4-4'a® ® (2n+l)a7r‘'+36a’‘ 


Hence 


x,= S B,„. cosh „„ (g »+lM 

«=0 2a 2a 


whore 


B, „ . ^ Rinh _ 2a , 


.. (42) 


(48) 


From symmotry, it is obyious fhat the twi^t is zero, 

To obtain the obliquity of the strained central lino to the strained 
cross-aeobions, we observe that 


and 


( ^ ^ =s {2(1 4- g')6* +u^| 

V 0flJ A 36»+a® ’ 

('1^1')=/' _1 I (2»+l)7r ^ 

\0fo/o \ 0^/- c n«o 2a '"*"+ 1 * 


Therefore 

Sn 


W r ^{2(l + o-)b*+aM 1 “ (2n+l)w„ n 
HI L Sb-+a‘ ^ J 


(44) 


Pattog^=' .wegettbecaseoitheaezure „{ an elliptio beam, 
with two sUts extending from the foei to the ends of the major axis. 


Bull, Oal. Math. Soc,, Vol. SSVII, Nop, 1 & 2 (1936). 
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A Tueorem on tub Non-Euolidban Trianolb 

By 

B. 0. Bose 

The objooi. o£ lliis short paper is to piovo an intorosting thoorom 
giving the relation hotwoon the sides and altitudes of a Non-Buclidoan 
triangle and to doduoo from it a synthetic proof of the Median Theorem, 


B 


Given a pair of segments x, y wo can obtain from them an angle 
, y) in the following manner. Lot AOB bo a right-angle in which 
OA=aj, OB =2/ Then y) U the angle between the linos perpendi- 
cular to OA and OB at A and B roBpeotivoly. If «, v be another 
pair of sepmonts and tho angle tfy («, v) obtained from them in a 
similar manner be congruent to <f> (ai, y) the relation between tho two 
pairs of segments will bo denoted by writing 

?/)=</>(«» 

In Blliptio Geometry the angle between any two linos is always 
actual, In Ilyporbolio Geometry there exist null and ideal angles 
also, A null angle is tho angle between a pair of parallel linos. All 
null angles are oongiuent, An ideal angle is an angle between two 
ultra parallel straight lines. Two ideal angles are to bo regarded 
as congruent if the distance between tho arms of tho ono (moasured 
along tho common porpondioular to the arms) is oq[ual to the distance 
between the arms of tbo otbor. 

It is clear from the definition of y) that if v) and 

»=« then yE=;i>, Also ^(«i, y)=</>(yi (»). 



B 0. BOSS! 


'TO 


II 

We can now state the following thoorom for the Elliptic or llio 
Hyperbolio Geometry. 

Theorem, If g, ? aio the altitHdes of a tnamjlG ABO cot i es'pondtng 
to the sides a, 6, c 


Let D, E, F be the feet of the porponclicalars from A, B, 0 to the 
opposite sides so that BO=::a, OA=:t, AQ=c, AD=:p, 0F=» 

(sea Fig 1 ) 

We proceed in the first instance to pioye the theorem for the enso 
of the Elliptic Geometry 

Bet the poipendiciilais to BE and OF at B and 0 rospeotivoly 
meet m Oj, Produce OjB to 0^, OiO to Og making OjBrrBOa, 
0j0 = 00, Drop 0(Fj, 0,Q,, 0,llj poipendioiilais tiom 0, to 
BO, OA and AB respectively (t = l, 3, 3) (see Fig, ii ), 

It follows from the con giuence of the triangles 0,Q,0 and OgQgO 
that OgQ, =OgQj Again from the ooiigiuenoe of the qiiadiilaterala 
OjBEQj and OgBEQg, O^Q, =i 03 Q, Hence 0jQa=OaQj and 
the line O^Oj must be bisected at the mid-poiub of Q,Q,, In tho 
same way w© show that OgOs must be biseptod at the mid-poinfc of 
RaR, But the segments QgQa ^i-nd RgRa have only the point A 
m common It is thus clear that OgOg is bisected at A 

Again OjPg ^OgPg each being equal to 0, Pi, Hence the quadri- 
laterals OgADP» and O^ADPg are congiment and the angle Oj AD 
is right Also PbD=PbD 

Thus OiOaOg IS a triangle of which AD, BE and OF. are right" 
bisectors 

Now PiB=PgB aiidPiC=*PjO Therefore PiPg =2B0 or 

P<D=PgD=a, 


Henop by definition 

p)=ZA0BPB=ZA0gPg 

it is easy to see that 

I AGgP, + / AOgPg + 
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wliore ft, V ary fclie angles of llio (/I’mtiglo OiOaOg, Thus 

By symmofcry ^(6, q) and f/»(o, 0 ai’o also eaoli oq[ual to 
Therefore 

p)=(fi{b, 9)~«^(c, i) 

TIT 

In the case of the Ilyporbolio Q-oomotry tlio porpondioulara to BH 
and OB* at B and 0 rospeotivoly, may oithor intersect, he parallel or 
be ultra parallel and thus possess a common perpendicular In the 
first rase the [noof of the pi ovious paragraph is still valid. Suitable 
modidoations of the proof sulHco to cover the other two cases 

An elegant proof applying to all possible cases can however bo 
obtainofl, by using the oorrespondouco between rootangular hexagons 
on the liyporboho Plano, enunciated by the writor in a previous 
issue of tins bullotin.x 

Denote tho angle OAB by S (see ITig i) Then corresponding 
to tho right anglod trianglo ABE in whioli tho hypotonnse AB=:c, tlio 
side BE=gr and tho /BABIES there exists a rectangular pentagon! 
XYZPQ 111 which XY=:o, Y55=:g', PQ=:c? whore q' is tho segment 
complomentaiy to q and d is tho parallel distance corresponding to 8, 
Simihu'ly coiaosponding to tho mglit-anglod trianglo AOB* thoro exists 
tlio 1 octangular pentagon XTVWQP in which 11^=:/;, VWsr', QP=cZ 
whoi’o r' IS tho sogmont oomplemontary to '> Putting togotlior the 
two pentagons ns in 3?ig iii wo obtain a rootangular lioxagou 
XYZUVW for which XY=:c, TZi= 3 ^ UV=i, VW=r', 

Oorrosponding to this wo must have a crossed rectangular hexagon 
X'Y'Z'U'YW (see ®ig iv ) for whioh XY'=&, Y'7j'=:q, V'V'-o, 
y*W'~r By doriintion each of tho angles f^(&, q) and is given 

by the angle hotwoon tho linos Tt'X]' and W'X' 

N 7J, The thoorom proved above for tho Xon Til u olid can Goomotrios 
remains trim for Euolidoan Gooinotiy provided that hy </>(i,y)wo 

* R, 0 Bobo, “Theory of AsBOcinlod Xi’ignrofl m Hypoibolio Geometry,” Bull 
Oul Math 000 , Vol xix, 1928, Th 1X1, p 118 

f S Miikhopadhyaya, “Qoometrical mvestlgationa on the ooiroBpondoncoa 
between a right anglod triangle, a throe- right anglod quadulatoral and n leotangulai 
petegon in Hyporliolic Geomotiy,” Dull Onl, Math, Boo , Vol. xin, 1922 23, p 210. 
fi\BO R, 0, Bose, Ik) 0 , oit., Th, II, p, 108. 
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uncleiatancl m tliia oaso tho content* of the reotanglo whose sides ai'O 
iv and y 

The following proof of the median theorem then applies to each 
of the three standard geometries 


IV. 

Theorem. If D, E, E ho tu mid’^oints of the sides BO, OA, AB 
of a, hianglo ABO, iU hnos AD, BE, OE are conmnoni. 

Let BE and OF meet in 0. Join AO Draw BP, OQ perpendicular 
to AO, AS, OR. perpendioular to BO and AT, BU perpendicular to 
00 (see Eig, v) Set 

AO = a, BO=fc, 00=o. BP=ij, 0Q=:1, 

AS=OR=:m, BD=AT=w, 

Then m) from AAOB 

= 0 ( 0 , rt) from ABOO 

= 0{a, Za) from AOOA 

Hence l^ — l^ or AO passes through D 


* Gf ‘‘EoaudaHona of aeometry*’ by Hilberb Bogliah Trans by Townsend 
Second Edition, 68, 


Bull. Oal, Math. Soo, Vol, XXVII, Xos. 1 & 2 (1935), 


/ 
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Note on the application of thilinear oo-ordinates in 

SOME PROBLEMS OF ELASTIOm AND IIYDROD'eNAMIOS 

BY 

BlUnUTIBnuSHAN Skn 
1, Intiochiotion, 

In a previous cominunicalion to this Bullotin,* it has boon aliown 
that fclio use of trihnoar co-orclinatos simpliflos the solution of aovoial 
problems of olastioity oonnootod with thin platoe having oqui lateral 
triangles as bountlarios. In this noto, two moro pi’obloms are solved, 
namely, the pioblera of the bonding of an equilateral triangular plate 
supported on flotibh beams and that of the oscillation of water in a 
basin having for its sootion an equilateral triangle 

For deflning the trilinoar co-ordinates, we take 0, the inoontro 
of the equilateral triangle ABO as the origin and linos parallel and 
perpondioular to the side BO as the axes of y and u rospoctivoly, 

Lot (rtj, y) bo the cartesian oo-ordinatos of a point P of which the 
distanoos from the sides OA, AB and BO are rospoobively jp,, p, and p^, 
Then if r bo the radius of the inscribed circle and 2rt the length of 
each side, wo have 


Pi 


=*+S - . 


p,=,+_+ 




(U) 


10 


Vtdo VoK 20, p. OB, 
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Hence 

Pi +Pa+i’8=3? =:aV'3=fc (say). (1 2) 

2, An e^mlate}al ti tangular plate supiicntcd onjlcxihlo beams. 

Let Z bo the disfciibiitocl load por unit o£ area and D tlio floxural 
iigidity of tliQ plate Then the noimal displaceniont w satislioa Ibo 
equation* 


Vjw=:^=:Z„ (Bay) 


( 2 . 1 ) 


If the bounding linesf 


Pi “0, pa=:0 and 

define the positions of the Buppoifcing beams and the points A, B and 0 
the positions of the vortical columns to whicli the horizontal boaina 
aie attached, we have the following boundary conditions. 


When p, =0, 


Qw _ _ 9 

0v 0p, 



dw , 1 9 iu „Q 

3 p. 2 apa" ’ 


(2.2) 


when pa=0, 


9 w _ 9 w .1 dw ,1 dw 

8 v "’ 9 pa 2 apa 3 'dp^ ’ 


'(2.3) 


when Pa =0j 


010 aw I 1 9 it * ,1 0w Q 

av apa 2 ap, 2 Wp, ’ 


and 


iy=0 at A, wh0rGp^=:pg=O andpa=A, 


(2,4) 


(2.5) 


10=0 at IB, wheie Ps=P8=0 and pj=/i, 


( 2 . 0 ) 


10=0 nt 0 , where pj=pa=0 B'^d p^=zl 


(2.7) 


* “The Mathematical Theory of ElaBticifcy “ by A. E. H Lovo, 4lh Edlfeioiu 
1), 488, 

t Vide “Rectangular plates on flexible beama’' by B H, Bateman pubfiahed 
in the Philosophical Magazine, ser 7, Vol 20, (193B), p. 607, 


SOME phodlems of rmstioity and iiydbodynamios 


Tho equation (2 1) in terms of fii, and stands as 

r 8^ . 8Vt. 8V. 8° _ 8^ 

L ^vX oiA op\ 8pi8]3^ 8pt8pn SjiiSpoJ 

As a solution of this equation lot us wnto 

^t;=P(2)t+^)a*^-^)^) + Q2^P2^^8+Ii'{p!‘*'p2 + p8) + S, 

wliGi’O Q, R, S avo constants 

Then wo And that tho equation is satisfied if 

P— ^5 
72 ’ 

On tho sido 2)i=0 

_ ^ + 1 8 w , , 8j« 

8pfl “* 9p<i 

= “Qp4lJfi + 2P(p3+2)3)+’RipaH-/’fl)> 

Siiico on this boundary 

j),+Pa = ?i, 

tho ahovo oxprossion bocomos 

— QpjI)a+2P(A^— 3/ipai)8)+Rfc 

Honco it will bo koio if wo talco 
und 


B=:- 




n 

=Z, (2 8) 

(2 9) 

, (2 10) 


( 2 . 11 ) 

( 2 . 12 ) 


As only tho symmetrical functions of pi, Pa Vi involved 

in tho expression for w given in (2 9), it is oviclont that the houndary 
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oonditionB (2 3) and (24) are also satisfied for those valuos of Q 
and B Again putting 


p,~-0, pg—O and p 3 =:A, in (29)j^ wo obtain the oondition (2 5) as 
Pfc*-f-B7c*+S=0, 


when CO wo get 



(2.13) 


For this value of S, the conditions (2 6) and (2 7) aro also satisfied 
Hence the required value of 


U»: 


hi 

72 




■2/iVp;+pi+P8)+^*]* 


(2.14) 


At the oiigm 




and there the defleotion 


nt= 


Zr* 

6D 


(2.15) 


3 Oscillation of ioater in a basin having an egnilatGial triangle 
for its section. 


For finding the free oscillation of a sheet of water bounded by 
vertical walls of height h, we require the solution of tho equation * 


(VS+>-')^=0, 


subject to the boundary condition 


6» 


= 0 


... ( 8 . 1 ) 

... ( 8 . 2 ) 


where Sn denotes an elomaut of the normal to the boundary, g denotes 
the elevation of the free surface above the undisturbed level, and 

denotes the period of a normal mode of oscillation to be 

\*/gh 

determined. 


* hamb'B Sydrodynamios, 4tli Editisp, p 276 



SOMte PROBLEMS OF ELAS'PIOITX AND HYDRODYNAMIOS 7 ( 

Tho equation (3 1) oxproE,B 0 cl in iorms oE jii, Vs becomoe 

S’” .AL- +\^1S=0, (33) 

0?55 dvl 0F* 0Pi 9pa 02^* Qj’a j 

ivlnlo ibo bounaaiy condition (3 2) is equivalont to 



^=0 vvlion pi=0> 

(3<1.) 


1^ = 0 when p^^~0, and 

... (3 b) 

(“iy, 

1^=0 whon P8=0 

(3G) 


For a simplo Byinmotiioal mode of osoillation, lot ua assinno 

j=A.[oos?=^+oos?5^+o™^P] ... (3 7) 


wlioro m IB an iniogor and Am a confltant 
Then 


-=? 2 ! 5 ? A. r - sill ooa J 

/c L ^ 


«0 

"wlion pi=0 and jJa+Po — 

Similarly it can bo 
also satisfied, 


It. 

ahoAvn that ibo otboi boundai’y conditions aro 



Tho equation (3,8) is satisfied if 


<lim®7r® 


... (3 8) 


Fov different integral values of wi, different values of periods nio 
obtained from the above relation When w.=lj wo havo tho longest 
period 


27r 




2a being the length of either side 


Bui. Oal Math, Soo , Vol XXVII, Nos, 1 & 2 (1935), 
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S0M15 PROPEimiSR 01 ? THE OONVEX OVAL. WITH 
Kefeiience to rrs Perimeteh Centroid 

DY 

B 0 . Bosk and S N, Roy 
{Clahutta University ) 


1. Inhodnckon 

Stoinor* * * § has dorinod iho mrvalnvo contniid ol an oval as iho oontro 
of mass of Lho povimotoi' of Uio oval, ^Yho^ ovory point of the poiimofcor 
IB oonaiclorocl to havo a tlonsity oqital to tho ourvatiu’e at that point 
Jlayashi has invostigatocl tho propoi'tioB of a oonvo-^ oval with refoioiico 
to tho ourvatiu’o oontraith 1 Anothor important point oonnootod with 
tho oval IB tho oontroid of tho porimotor which wo call \A\q ponmotor 
6mL)oid, Moisanorhas Bhown that i/to ferimoter omtroid of an oval 
of oonstanl Inoadlh coincides with its curvattno conhoidil and Knhota 
has provod tho ologant thcorom i.hat tho loons of tho penmotor eonhoul 
for a systom of paiallel ovals is a shaight lino § Wo horo deduoo 
tho co-ordinatOH of tho porimotor controid, whon tho tangontial polar 

* T. Stolnor . Von tlom ICnimnngasoliwcrpunlcto obonov Kiirvon Orel to .T 81 
(1888), 

f T iriiyafllii { Rond. Giro. Matom, Palermo, t. L, (1920), pp 00 102 

1. Moiflanor, Dber die Anwondung Von Foiiuor Roilion imf einigo anfgaben der 
Qcomotiie and Elnomatilc, VlortoljalirBchrift dor Naturforeobonden GeBaellsebaft 
m Zurich Cd (1900) Also F Sob til mg, Dio Theorio u. Konsfciuklion der Knrve 
Konatapter Brotto, Zeitsobrift fur Malli u. Pbyailc, 191d 

§ T, Kubola . Tiber dm Scbworpunlite der ooavoxen gosoblossonen Kurven npd 
Iflaobeb, Tohoku Math J„ Vol. 14 (1018), pp 20.<27. 
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oquafcion’ of the oval is supposed to bo known, and uso this vosnlb 
to obtain a. now proof of tho thooroms of Ateissnor and Kubota. Wo 
thou go on to obtain proportios of tho convex oval with roforonco to 
tho porimotor centroid, wliioh me analogous to tho properties with 
I'oferonco to tho curvature controid stndiod by Hayasln. Wo thus 
prove : — 

(«) If p donate tho length of the pcrpondzoulw on the fangont^ from 
the penmetor conttoid, and v donates tho tadim vootoi to the point of 
contact then tahoa the value at least fot» hmes, loheto U 

ta tho rndtna of a circle, whose mca la equal to tho sunt of tho aieaa of 
the oval and its pedal with respect to its perimeter cenhoid, 

(b) If n denote the numbei of normals which can ho chaton fiom 
the perimeter centroid to the oval, OAid m denote tho numbet of points for 
which p=3p, p being tho mdius of omvatmo and p tho perpondioidar f 'torn 
the poiiniote'i oonhedd to fhe tangent, then w+n;:>4, 

2. Go-m'dinates of the perimeter centroid when the tangential polar 
equation of the oval in given 

If tho positive tangont at any point {x, y) of the oval, makes an 
angle with the positive direction of the axis of .i, and if p denotes 
tho length of the perpendicular drawn from tlie origin to tlio tangont, 
then the aquation of the tangent can bo >vritton as 


'll sill i/'— y cos i/^=p 


X cos ^*f*y sinY“ 


dp 

d^ 


Henco 


x=p sin i^+oos if/ 


dp 

dtp 


.. ( 1 ) 


V^—p cos ^4 sin 



( 2 ) 


If the tangential polar equation of the oval is known, 

the relations (1) and (2) give the Cartesian po ofdmatos of any point 
pn the oval < * 
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If p clonotos tho radius of ourvaturo at any point of tho oval and 
daahoa donoto dilforontiations with rospoofc to p, we know that 




... (3) 


Now lot .Oq, yo bo tho Oartosian co-ordinates ot tho perimeter 
centroid and lot Lq he tho perimeter of tho oval, so that 


-STT 

iJo=y p# 


-iff 

Loro=j osds 


... (^) 


.iV 

= / xpd^j/ 

□ 

/ aTT 

(p Bin COB if){p'¥p'yif} from (1) and (3) 

0 

-sTT -arr 

= / p” Bin I p//' sm 

0 0 

/ BTT piir 

pp^ cos tjfd^ d* j P^P*^ cos fjfdij/ («• (5) 


Tho SGOoud, third and fourth of those integrals can bo evaluated 
by intogration by parts and ndtioing that tho parts outaido tho sign 
of integration always vanish botwoon tho limits 0 to 2v, Thus 

/ aTT ^aTT 

p'p" COS if/dif/^^ j p'^ sin (6) 

0 0 

/ air piTT 

pp' COS / p* ain tpdiff (7) 

0 0 

• 97r A 

J pp" sin p'(p coa i/' + p' sin 

0 

=5 — fp'* sin ^ J ?)• sin ... (81 


11 
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Silbstifcating frdm (6)j (7) arid (8) in (5) w6 have 


“ 0 

X/ikewise we can show that 

1 

, ya--f~ / cos 1 //# 

8. Perimeter centjoid for an oval of constant breadth 
Por an oval of constant bieadth we have the delation 

P(W +J3(i/^+7r)=6, 
where h is the bieadth 

.. p\^)+3i'(»^+7r)=0 

i'rom this ifc follows at once that 


( 9 ) 


.. ( 10 ) 


(H) 


/ STT 

Bin 

O 

-»7r 

I p'* cos 
0 

1 /*“”■ 

.I’o J P* ‘ 


... (12) 

• (IS) 

from (9) and (12) 


1 

=-j^ j {p* — {h^py} sm i}/d\lf from (11) 

° o 

_ 26 r’" « /4T 26* 

1 p sin — 

^ L,o hi 

But from Barbier’s theorem * h—nb 

0 r ^ 26 

.. *0=!- / p8int/(d^— _ (14^ 

IT J TT ' ' 


K Bi^rbier LiOuvIUe 'a Journal (.2) 6 (1860), pp 273-86, 


i‘llOPBRTIl3S 01^ THli CONVEX OVAL WITH PEUIMETER dENl'llOID 03 
Likowiso 


2 r ^ 

!/o = — / V 003 lA#. 

TT J 


.. (15) 


Biifcif(j,y) aio fcho co-ordinato8 of 6ho curvaUiro centroid of any 
il 

!«=•— / - ds=:- / jii Bin lA# .« (Id) 

2ir y p w y 


f ^ jds=— — / p 008 ^dxj/ .M (17) 
air y p TT y 
0 ' 0 


VVlioii however fcho oval is of constant breadth, using the relation 
(11; wo at 01100 have 


- 2 

»)=- / JJ am tAdiA 

IT y 


.» (18) 


2 

y=--J 1 


p COS ipd\(f 


Oomparing the results (Hs (15), (18), (10) wo see at onoo that 

For an oml of constnnt breaiUh tho pmme^er centroid coinpidos toith the 
cwvaturo centroid 

4 Locus of the ponmetor centroid for a setios of oquidistant ovals. 

If ?>=/(^) tangential polar equation pf any oval, then wo 

can oonsfcruot an equidistant oval by cutting off a diatanoe « along all 
outward normals and joining the points so obtained If wo vary « wo 
get a series of equidistant ovals with equation p + e=:/(iA) We shall 
tako fcho curvature oonfcroid of tho original oval as our origin. It is 
easy to seo that this will remain fcho curvafcuio oonfcroid of tho whole 
series. With origin so chosen 

p sin J p cos lAdiAj^O. (?d) 
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Si 


Lot denote the porimetor and 1 2/c co*ordinato8 of the 

perimeter centroid, of tlio oval of the serios which is at a distance < 
from the original oval We then have from (9) and (20) 


L,a-.=y 

0 

STT 

{ Bin 

(21) 

Similarly 

ljeJ/c=Lo^o 

(22) 


/aJe—J/o/aio^const. 

... (23) 

Also 

= (£cS + !/g). 

(24) 


We oan thus state *— 


a senos of er/uvdistant ovatsj the locus of the jpoTimetoi coniToid it 
a straight hm passing through the eurvaturo ce»i?oirf, lohich remains fiicd, 
while the distetnee hetweeu the two centroids vanes invcrsoly as the porimoter 
of the ovalt 


5, Properties of the convex ovaly with ref ei once to its perimeter centroid, 

Hayoshi has shown in the paper referred to m the intioduption, 
that in virtue of Blasohke's meoliamcal proof of the four oyoho point 
theorem or from certain theorems of Hurwitss on Fourier senes, 
it follows immediately that if /(i/f) be a one -valued continuous periodic 
function with period 27r, satisfying the relations 


I 


O 


•TT . 2^ 

f{ijf) Sin J 


cos il/d\f/=Q 


(25) 


then f{\^) has at least four extrema in the complete period, and takes 
on its moan value 


2r 


J fW'h 


(26) 


at least four times 



J’JIOI’ICIVIMKB OF THE CONVEX OVAI. WiTH PERIMETER CENTROID 8^ 

If vvo now iako iho pomnotor controid of our oval aa the origin, 
nud Hub 


/('/') ^ 27 ) 

\vliuro 9 It) Uio radius vector to tho point of contact, then the formulae 
(0) ancl (10) show at onoo that / (i^) a atisfies the relations (25) Hence 
/{tjf) has four oxtroma in tho ooraploto period But 

n^)=( 2 /,~/)^'=( 3 p-p)p' 

^JCliua foi' an oxtromum of /(»|>) pithor p-=:3p or ^'=0, t e , the normal 
liasBOH tlii’ongh tho origin, Hence 

// 71 doiiotes tho numbo) of normals which can bo draieu/roTn the 
perimoier cent) oidlo tho ovalf andif m denotes the miTuber of points fot 
ttf/ijo/i /7=:3p, luhero p is the porpendtcula‘) fiom tho pm imotar centroid 
to Iho ifinr/ont, then m+w^4 

Af^ain lot A bo tho aroa of tho oval, and B tho area of the pedal 
of LI JO oval with respect to its ponmotor controid. Then 


J 

2 w 


/ ITT 1 /*a 7 r 


1 

2-ir 


i 

27 r 

L 

4 f 7 r 


/ SITT -1 >* 7 r 

pp"(i^ 

0 0 
j. 67 r -i ^ S'TT 

J p(p~'py'f' 

0 , 0 

/ BTT 1 

PP# 


=i(A + B). . ( 28 ) 

att 

Til MR .V-i* takes the value (A + B)'/^ at lea^t four times We 
mivy ox proas thus by saying 
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If p denotes the length of the po) pendicula\ from the pei imetei ce)drQiil 
on the tangent and r denotes the radius vector to the point of contact f then 
tales the value B® at least four times, where IX is the radius 
of a oirolo whose aiea is equal to the sum of the aieas of the oval, and 
its pedal with respect to the preimeter oentioid 


T 
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Some Theorems on G-eodesio Curvature and 
Gbodesio Parallels 


BY 


V BANOACHARIAn 

{Faina Unwcra^ty ) 

(OoTnTnunioal.Gd by the Soorotary ) 

1. In tbo Mathomatioal Gateotto, Vol. 13 (1926), Dr 0 B 
Woivihorbum proved some theorems regarding the Line o£ Strietion 
of h family of geodosioa, In tha aamo paper it has been pi-ovod tUat 

“A curve drawn on a surface BO as to out n family of goodesios and 
posBoasing any two of the following properties i-( a) it is n geodesic 

(6) It 18 the lino of striotion of the family of goodesics (e) it outs the 
family of geodesies at a constant angle, also poaaoaSoa tbo tbm 
nfooortv ” In tbo present paper attempt has boon made to extend 
rpCo.-l.ostoa flly of curves eaUln^ a family of geodesic 
parallels at a constant angle and also to derive some oilier tboOtoms 

boUevod to bo now, 

2 Dot a abcl h bo unit langonts to two famihoa ot (mrvoB cutting 
at a constant angle a on a surface The iinll tangent t to a family 
of curves cutting the family having for its unit tangent at tt oonstaht 
anglo 0 IS givon^by 

(tt + & Bin 0} 

sirt a 

Tho unit tangdnt to bho oi'bbogttflal trajdototy Ifl glVdfl by 
"p ss-L COB 0-^a cos (a— 0)}. 

m 
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Now —div V =: {coa (a~-d) div « —cos 6 div6 

sin a 


sin a 

_ 1 

sm a 

And similarly 

div t 

Bin a 


-f-(a sin (a— d)+ b sin 0) ^0] 
(coa (o— d) diva— coa 0 divi" +i' 

^cos (a-d) div a— coa 6 div/T 
{am (a— d) div a+ sin 6 div 


(2 1 ) 

(2 2 ) 


If fchopefore the family having a for its unit tangent be a family of 
parallels, 


div rt=0 


and 


— div F = 


sin a 


-cos 6 div b + 


r . d$ 
ds 


)■ 


( 2 ^ 1 ) 


The vanishing of any two of the quantities div F, div& and y, requires 

the vanishing of the third Hence we have the theorem “A ourvo 
drawn on n surface so as to cut a family of parallels and possessing 
two of the properties (a) it la a geodesic (6) it outs the family of 
parallels at a constant angle (o) it is the line of stnotion of the oblique 
trajeotonea to the family of paiallols, also possesses the third property. 

Again from (2-2) it is evident that if div a=fO and — =0, div t and 

ds 


div h vanishes simultaneously Hence the theorem that The line of 
stnotion of two families of oblique trajectories to a sot of geodesic 
parallels are identical ” 


3 Vosa's Theorem in Differential Geometry states that “ If the 
geodesic curvature of an orthogonal family of .curves on a surface 
be constant, the surface has a constant negative second curvature ” If 
however the geodesic curvature of two families of curves cutting one 
another at a constant angle be constant along each member of the 
oblique trajectory, th^ surface has a negative second curvature but 
not necessarily constant. 
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Lot tho fatnihos oE curves cuttinp; at a constant angle a bo taken 
as tko paianiotrio curve so that 

rfi,’ =]iifZa^ 4-2 v'lOG cos H(/mZy + G(Zu® 

The gooilosic curvaluro of tho family y = cons tan I is given by 

11= ^Bg 8in a 

X=2i.{2EP.-EK.-FE,} 


whore 

and 


L E,+ ■— ^G, )cQS a-EE,- /EG cos a E^ | 

211“! V 2/E 2/G ^ ^ 

= I Gi cos a— J'lEg 

2EGsin>« Wg -J 


Ilonco 7 i(,h=IIXE -* 

1 ( G> E, 

^ - - i — : cos a— — 

2/EG sin a V /(I /I'* 

Similarly tho goodosic ot tho family i(=ponhlant is given by 

1 fGt Ej 

7, ^ i "T “ . “ ■ 

2/EG sin a i /G /E 


_ _J 

"" Bin d 


- — COS a 

2G/E 


sin a 


53 Lm. (y— / cos a}, whore 
— and 


y and y' stand rospuotivoly fur 


2G /E 


Ea_ 

2E /(I ’ 


According to tho same notation 
/,^«{y cos a-y'} 


sum’ 


12 
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By the condition of the pi'oblom 

7 '— y cos a=:P sin a __ 
iind y— y' cos a=:Q sin a 

wlieie P and Q .110 evolusiiely functions of « and w respcotivoly 


Henco 


,^ Q + P cos g P + Q COS g 


sin a 


sin a 


Now 2KH= %- 

du 


p _ 1 

± E — —H- 

m * 




ssJL cota-- - 1 +— cosa— ^ 

a/eg Sinai 9^ [G Jsina 

lA„+9_ 1^1 

J SUi a 9 D 


9 u 


E, a. 

^ cos a— — ^ 
^ VEG 


E, 

~ cos a 

Q n/ES 


_ 1 _ 

sin a 


- 9 


'fi\. 0 




Q __i. + _J 1 . 

I 2a/G 2v'E 


Therefoie, - 2 K= jo. + p. — I J_ 

1 2 G'v/B 2 E'\/g)®’”® 

{Q(P *^08 a + Q) + P(Q cos ad- P)} 

=^„{P’+a’+2PQ 00 , a} 

And hence the theorem 


BuU Cal. Math. Soo.> Vol, XXVII, Nos 1 & 2 (1988), 
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Bemahks on a Obhtain Lemma 

BY 

A N. Sman 

{Luchnow JJnivo^aity,) 

In a pi’evious ptvpor publnhod in this Bulletin (Vol XXVI, 
pp. 16 34), I gave two lemmas of which lilio aocond one is tlio 
following 

If with each point of a set OG in (ft, b) time ts given one inteival A 
with that point as left end ptoint^ and with each point of the oomplomontai y 
set G all in lei vals h lending to cio {iii length) with that point as loft’ 
end then, piovidod that Q ts a set of thefiistcatogoiyin{a,b) 

there ousts ft chain of A (ind S inleivals coaching ftom a to i, and such 
that 

wheie -gis any aihiirauj small positive number 

It was pointed out (p IB) that tlio oliain was not uuKiuo Movoovov, 
numboi'S, of the socoiul class had to bo employed in the proof. Because 
of those two factors implicit faitb could nob bo put on the above 
lemma and its corollaries, as my lomavks (on the same page) would 
Hbow I have now been able to consbriiot a simple oxampio which 
is in contradiction with the ahovo lemma 

JilMniple.’-’OoimCiQv a non donso per foot set d of positivo moasuro. 
To every point lying ina'fdo a oontignmis inborval of G let thoro bo 
assigned the portion of the contiguous intoiwal which Uos to tho right 
of that point Thus wo have assigned to each point of Od oiio unique 
interval A with that point as loft one! point. 

It IS now easy to see that the sum of tho lengths of the 

contiguous intervals of d Thus 

of tho set d. 


where m 10 the moasuro 
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RemmKst — Tho above contradiction shows that wc cannot mako 
nm esti icicd use oE numbers of the second class — ospooially the notion of 
one ordinal being greater than another as deduced from Cantor’s first 
principle of generation 
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IN MNMORIAM 
i;)ll G-ANESII l^RASAD 

1876-1035 

{Pusulcnl, Oalouita Malhcmalical SocieUj, 102d 1935) 

I In llio smklon doaLb, on "MaKdi 10, 1935, of Br, O-anesb Pi'asad, 
llai’dingo Profoasoi’ of Iliglior Mathumatics, CalonUa TTmvorsifcy 
has lost ono of its mosL onnnont. toaobois and Llio OalouUa Matbo 
mail cal Socioly its disLingiusbud luadoi Born on tbo I5tli Novcmbor 
1870 at Ballia, Agra Provnicos, Br Prasad gradnatod witli high 
honours from TJnivorsity and aPtor talciqg his M A. from 

Oaloutfca and Allahabad Uiuvoisitios, and lus Doctorate in Scionoo at 
Allahabad ITnivorpity ho piocoodod to Kngland with a Govornmonfc 
of India stipend in 1899 lie road at Gambridgo with mon like 
Hobson, Porsyth and Larmor and at Qbttmgon with ICloin, TTilbert and 
Sommorfcld After completing hve years of study in Biirope (1899- 
1901) ho came back In his country of ougm and took up the position 
of a leotuiei’ at Queen's OoHogo, Benares lie had boon temporarily 
a leoturor at Allahabad Kayastha Path sb ala and M\iir Oollogo before 
ho left for England, and boforo ho was appointed to tho Har dingo 
Ohau‘ ho was Qhpso Professor of Applied Watlioinatios, Calcutta 
B'mvevsity and Principal, Bonaros Hindu University It appeared 
that the profession of toaohing was highly con gonial to him, and 
though ho took some part m tho political life oi lus provinoo for a 
brief spell, being olootod to tho logislativo council of UP., ho gave 
tho pubho hCo a go-by at tho oarliost opportunity and entorod lus 
honioly study as tho At habitation of a scholar. A soliolai s life ho 
led up to tho last moment when ho collapsed whilo addressing an 
aoadomio mooting at Agra. 
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A scholar’s life is never ricli in adventures o\cept perhaps adven 
tures of intellooLual discovery. Dr, Ganesli Prasad has to Ins credit 
a full complement of important mathematical discovoiies 

2 Dr Qanesh Prasad’s Contributions to Mathematics 

Nature of his ivork. Dr, Prasad ivas an analyst pure and simple. 
Arithmetisation was his favourite method. Really he was Wiors trass’s 
successor — although Klein’s pupil 

I first important paper in Messenger of Mathematics (190i), p. 8, 
On the potential of Ellipsoids of variable densities. Method of 
expansion in series adumbrating his later works on Summation 
theorems and asymptotic expansions Starting from Maclauinn oxpan 
Sion of 

V(l)=:J/Jf(/-.r, h~-z)dxdyAa 


CO 



0 


[/// 


\ O'C 0V Qz / 

2i 


h)dxdydz^ 


he derives Dyson’s formula 


The remarkable feature of this method is that it furnishes au 
expansion of any algebraic integral functions in senes of spherical 
harmonica It is not necessary to know any thing about the singulai’i- 
ties of integrands because we aioconcoined with integral functions* 
The method of getting round the improper behaviour of oertain 
poi’ameters is quite ingenious and it applies to the expansion in any 
function space of any number of dimensions Oayley’a mistake coireotcd 
incidentally, 

JI Next paper Oonatitution of matter and analytical theories of 
Heat This paper is now quoted as an authoritative solution of a 
difficult question in mathematical physios, Klein has pointed out 
that it is in this paper that a satisfactory solution of the physical 
problem has been given It is well known that stai ting from Fouriei* 


IN MEMOniA^I 


96 


down to Franz Noumann, Boussinesque, Poinoai^, Ilouel and Lamd 
every mathemaliomn dealing with the problem of heat conduction 
has taken into considoration solutions of the dilTorontial equation 
concernod in a smootlied out uniformly couvorgont form. Dr Piasad 
has shown that if you start with integral expansion method then for 
ranges every whore dense or non-denso you got a logically valid result 
So the real, discontinuous distribution of matter may bo taken 
into account and the mathematical difficulties oxpoiionced by Ins 
prodooeasors are removed 

III, Expansion of arbitrary functions in a series of spheincal 
harmonics. 1912 (Math Ann ) Tins is a very important result 
quoted in Hobson’s recent hook, Tho process is simplicity itself 
Tho process gives very important clues to some of tho atomic 
phonomena Now it is common knowledge that in atomic physics 
wo can observe the luaorosoopio results of energy iiausformation and 
can never ponotralo into tho microscopic phonomena wliatovoi refined 
moLliods wo may adopt The famous tloisonbeig-uncortainiy formula 
has sot a limit to causality But if you are allowed to take an 
arbitrary average value you can expand it into particular in finite 
asymptotic senes of a given typo Tho type may easily bo ohoson 
to bo that of sphonoal harmonics. Hero we have an indication of 
an important result later discovered by Dr, Prasad regarding non 
orthogonal functions whioh says that /Q^Qh^t^^O, / | Q„, [ 
whatovor m and n may ho. Tina may servo to give an iniorprotation of 
tho tailing off of band spoolj’a of alkali inolals, 

IV. On tho failure of Lobosguo’s On tenon. 

Tho smoothing out process recommended by Lohosguo was improved 
by Pojdr But thovo was an oversight winch was dotooted by Prasad 
and when oommumoatod to Tjobosguo himself, the latter owned Ins 
mistake, Dr Piasad has shown how tho behaviour of fund ions 
with discontinuities of the 2nd kind should bo controlled Later in 
1933 tho important paper on a connootod topic was published, w.., 
on Lohosguo’fl integral moan-value for a function having a discoiitinuily 
of tho 2nd kind. 

V I shall close this aooount by mentioning an epoch-making 
paper published in Orollo’s Journal in 1929 on tho differentiability 
of tho intcgrab function The logical acumen of the writer can only 
bo appreciated by tho leading pure matheinatioians of our time, lb 
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'wa'^ 111 conn ot ion with rosearclios of this typo that piingsho^m and 
Tonolli accopfced Pi’asad as fclioii poei’ 

Penliaps tho lasting contiibiition to niabliomatics would havo boon 
the mammoth papor, as I havo called it m anothor place, if only tho 
paper on expansion of an aibitiaiy function in lufinito zoios had been 
finished But the fates have willed it otherwise 


VI, List of woiks 

(a) Oiiginal 

Yanous papeis in 

Messenger of Mathematics 

Mathematisohe Annalon 

Rend icon ti del ciroolo matomatioo di Palermo 

Pioceodings Benaies Mathematical Sooioty 

Bulletin of Calcutta Mathematical Socioty 

Bulletin of Ameucan Mathematical Sooioty 

Ciolle’s Journal 


On the function 6 in the meaU'vaUie theoiora of the DilTorontial 
CtDiculus (Commemoiation Volume of the Bulletin of tho Calcutta 
Mathematical Society, 1929j 

On the differentiability of the intograhfiinotion (Oielle’s Journal, 
Vol 160, 1929) 

On Rolle’s function as multiple-valued function (Piocoodings of 
the Benares Mathematical Society, Vol, X, 1929), 

On the Zeros of Wcierstraas’s non differentiable function (Proo 
B M, S, Vol XI, 1980) 

' I 

On the nature of B m the lueau-value theorem of the Bifforantial 
Calculus (Bulletin of the Ameucan Mathematical Society Vol 
XXXVI, 1930) 


On the summation of infinite series of Legendvp’s funobions. f,r« 
paper (Bulletin 0, M S , Vol. XXII, 1230) ' 
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On tho dotomi nation of f{h) corio^poncling to a given Rolle’s 
funotion 0{h) whon it is multiple value cl (Proc , B M, S., Vol 
XII, 1931). 

On non-ortliogonal systems of Logon cU'o's ± unctions (Proc,, B. M. S 
Vol. XII, 1931). 

On the summation of infinite senes of Legendre’s funotions, second 
paper (Bull. 0 M S , Vol XXIII, 1931) 

On Rollo’s funotion 0 in tlio inoan-valiio tlioorom foi the ease of 
a nowhere differoutiablo /(•) (Unll 0 M S., Vol XXIII, 1931) 

On tho differentiability of tho indofinito integral and ooitain 
Bumraability criteria (Address dohvoied in 1932 to# the Mathomatioal 
and Physical Section of tho Soionoo Ooiigioss) 

On Lobosgue’s integral moan value for a funotion having a discon 
tinuity of tho second kind (Proc ,13 S , Vol. XIV, 1933), 

On Lobosgiio’s absolute intugial noan value for a funotion having 
a discontinuity of tho second kind (Spool al' Momorml Volume of tho 
Tohoku Mathematical Journal 111 honoiu of Prof lla^ashi, 1933) 

Hobson, Prosuloniial addioss on the life and woik of tho late 
Piof Hobson {Dull 0 M S, Vol XXV, 1933) 

(i) Uidaotio 

Biiforontial Calculus 1909 

Integral Calculus 1910 

An iniroduotioii to Elliptic Ifunctions, ifec 1928 

Spherical Ilarmomos, (fee , 2 parts 1930-32 

Six looturos on recent rosoarohos about tho mean- 
value thooroni of tho iJilfoioiitial Calculus 

Six looturos on looont rosoarolios in tho theories of 
Fourier Bonos 102B, 

(o) nisiorioal, 

1. Mathematical Physios and Bifforoniial Equations at 
the bogmning of tho 20 th oontury 


18 
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2. Some great matliomatioians of the I96h oentuay (2 
volumes pulplifiliod) 

Dr, Prasad was a fascinating teacher On students who teolc 
lus course ho loft a lasting improssion as a master of his subject and 
inspired in them lus own deep love for mathematics.* 

S. 0, BAGOni. 


« 


* The BubBtaqoe of Una was delivered as a lecture at a raoraorial meeting held in 
the hall cf the Indiau Assoeiation for the Cultivation of Science on the 9th April, 1085. 

Bull Ool Math Soc , Yol XXVII, N'os 1 & 2 (1935) 


OORREGTIONS 


On tlio Poodnct of ParahoUo OtjUnda Fnnchons, by Dr S. 0. Dliar, 
Vol. XXVI, pp. 57-61 

P. 59, lat lino from tho top, pleaso lead ^ 

P, 61, 9th lino from tho top, pleaso toad D„(X)Dbi(«)) 

for DH{flj)D„(aj). 

5th Imo from tho bottom, plooso read 

g- IT » - 1 D > + a * >0 (■ & j (X- >ot^xJ(ZT. 

2ncl lino from tho bottom, ploaso toad “Mitraj ho, ci^.” 

Jot "Ditto Ditto ’* 

P, 62, 4th lino from tho top, ploaso toad Drt(X) D„i(,t) 
for D,{X)D,(«), 

let lino from tho bottom, ploaso road P('— r,--m} n— r+l ; — 
for P(— r,— w} »— y+ij -1). 

P, 63. 2nd lino from tho bottom^ ploaso t ead Phil, Mag, 
for Phil, Map, 

Ist lino from tho bottom,; ploaso road " to bo pnblishod soon,” 
for " to bo published by Sliastri 
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KHISIINAKUMARI GANKSH PRARM) PIIIZE AND MEDAL 


(for J938) 

'L'he f'ouneil of the ('ttlcaUa Mathematioal Society mviies “ThcBia" 
emboflying tlio lesulfc of Original research or investigation in the 
following subject, for the Krishnalcuman-danosh Prasad Prize and 
<iold Medal for the year P)3c3 

Lives and woiks of the ten famous Hindu Mathematicians * — 

(!) Aiyabhatta, (2) Vacahamihu, (3) Bhaakara I, (4) Lalla, 
(5) Riahmagupti, ((>) Wudhir, (7) Mah.vbir, (8) Snpati, (9) RliaskaraH, 
(10) Naiayana 

The last day of submitting the tiiosis for the present award is 
illat March, 193H Three copies of tlie thesis (typo written) are to 
be submitted 

The competition is open to all nationals of the world without 
any dibtmction of race, caste or creed 

All <‘ommnnicat]ons aio to be sent to the Secretary, Calcutta 
Mathematical R iciety, 92, Upper Ciicular Road, Calcutta 



On the rate or Disappearance of the Proper 
Motion of a Nebula aocordinc to tue 
Exi'ansion Theory 

BY 

N. R. Sen 


I. 

Tho atatisf/ioal a indy oE laolatod nobulao and olaafcoi’a oE nobulao, 
baaod on Iho ogLuuntion oE fcliou* disfcanoos fi’om tho vovy pvobablo 
oxialonoo oE an upper hmiti (/D iho ab^JoUiio ImuinosiLy oE invoLvod siais 
as ^Y^U as o£ iho nobulao ihom.solvos, a hows a vory good pi'oporbionaliiy 
boiwoen blio distanuas oE tlio nobulao and ihoir radial volooiitos, Rooont 
obaorvaliona hava furihor oonfii'inod ihis volooifcy diaianoo rolaiion * 
Tho afcafciatioal oxaminaiion lias boon ovtondod, in addiiion io groups 
atjd ol us tors oE nobulao io isolated nobulao, and iho roaulta aro in good 
agroomoni with iho above rolaiion. The soaiior round iho moan value 
is ordinarily reasonably small, bui thoro aro oaaos, when doviationa 
oannob probably bo wholly aooouniod for by uuooriauitios oE iho doior- 
minations oE disfcanoos. Tlio rosiduala, in many ouoh oasos, according 
to Uubblo and Iliimasou, should roprosonfc Iho avorago poouliar motions 
of bliG individual nobulao and of bbo group s.t tn 50 me oasos fclio 
deviations from tho avorago valuo are abnormally largo iJ’or instanoo, 
tho sooond group of tho ton isolated nobulao studied by BEubblo and 
riumason, whiob has an avorago volooity of +11 120 km/aoo for an 
average distauoo of 4*2 megaparaooa, shows a disoropanoy oE about 1000 
km/sGO t) Thoro is no doubt that miioh of tho so doviationa from iho 

* B. Hubble and M HumaBon, Tiio volooity diatanoo lolation for I sola tod 
flKttagalaotio nebulae, Proo, Nat Acad So , 20, p Sidl 
j Proc Nat Aoad, Sc,, 16, pp. 100 73. 
t Afltrophyfl, J., 74, pp. 48 90 , 

u 
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aTDrage regularity represented by the velooity-disfcanoo relation is to 
be ascribed to the peculiar motions of the nebulae thoinselvos. 

In the expanding model of tho Universe irregularities, such as a 
velocity relative to the mean motion of local mattor (which is given 
fixed cO'Ordinates) is known to decrease giadually, so that all matter 
ultimately tends to come to rest iii the co ordinate system used, that 
IS relative to the average nebula. It is, however, doubtful if the rate 
of this decrease has been properly appreciated Tbo mathematical 
treatment is beset with groat difficulty on account of our ignorance of 
the function E>(t), the “ourvaturaof space’* An attempt has boon 
made by extrapolation fi’om existing data, firstly, to calculate certain 
limits within which this rate must lie , for instance an upper and a 
lower limit to the time in which a proper motion will bo decreased 
by a certain percentage and the corresponding distanoos have boon 
obtained The assumption at the basis of the nuinorioal caloulationa 
18 that R/E has tho uniform value which is calculable from existing 
observational data, Secondly, it is pointed out that assuming tho 
Universe started on its present career of expansion in tho finite past 
from some singular state, the appearance of a nebula with a dofinito 
irregutarity at a definite distance can suggest an upper limit to tho 
time scale The study of the proper motions of the nohulaO| then, 
in a certain sense, will give an indication of the maximum ago of tho 
expanding Universe There, of course, remains an un oar tain ty regard- 
ing the present value of R(t) But the result depends on tho ratio 
R(t) /Rp which, according to all methods of calculation is very probably 
a small figure, It is needless to empbasize that at the present stage, 
when speaking of the age of the expanding Univerae we mean the ord.or 
of the numerical figure, not the exact number While other methods 
suggest an age near about 10 ° to 10 ^° years, the point of tho presop t 
method is that in addition to retaining this order it suggests a figure 
as a probable maximum age 


2 

f 

We shall first work out the formulae for determining the minimum 
age. The metrio field of the Universe is taken in the form * 


0, Tolraan, Relativity, tbetmodynamjos in coaraolegy, p, 070, 
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= — n ■ m\^0ilifi^)+(U^ ... (1) 

[1+»V1RSJ 

ifo tho “ radius ’* H(0 is given by 

• (2) 

,ho expanding fcypo of fcho Univorao, <j{t) is a monotone incroasiiig 
otion of t Tho fourth equation for a geodosio m (1) gives on 
Ggration 

= Aa--. 

olo aV is a oonatant of iiilogiation Tho interpretation of A has 
in given by Toltnan t thus If a free particle has got a velocity ii 
/aoo relative to a local observer having tho moan motion of niattoi 
lus noighbouihood, then 


Ao-y(o 




(4) 


»ra winch it immediately follows that it will be decreasing ivitli 
fie, </(«) being monotoim moroiBing Ifor simplicity lotus consider 
o case of radial motion AVo have 



[i+9V4ttT]'W/ 


id on substitution of (3) 

1 (ih\ _ 

” 1. + r*/<ljItS Vdi / ^1*+ Ao^'' ' ^ 


rom (2) and (4), since A is a positive quantity 


i/A 


_W) 1«/0 | 

K’o a/I— w*/c“ 


( 5 ) 


( 5 ') 


(< 3 ) 


■f {.(!.( p 886 
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The Hiibatifcution oF this value and (4) m equation (5) gives ultimately 
1+7^ I hill 

whence integrating wo have 

+2Ro(tair‘7/2ao - tan-’rJ2R,) = |V/o| ^dl . (7a) 

io ^ 

For distances of a few million parseos to which observations are 
confined r<,<U^, (7) and (7a) can be replaced by 

* is) = t"/'! I?) •• (8) 

■>■"8 ±{>-r„) = f \u'/c\ ^at. ( 8 „) 

Equation (8fl) cannot be integrated further though it easily lends itself 
to further approximations. But we note that (8) and (8a; aie not 
immediately applicable to observational data, since and are not 

the times of observation at the origin They are times by obsoivor’s 
clock when light left the nebula while occupying positions Vq and r 
respectively The difference of these two times as peioeivod by the 
observer will not bo tlio same as that given by (8a) when regarded as 
an equation for To got the observer’s interval we modify the 

calculation thus Galling t' the time of arrival at the observer at tlie 
origin of light leaving the nebula at time wo have 


= |a^cf 


Bp dt , , 

n(t) ■ rr^ 


t 


The ratio {dtldi^) is of the foim 


B(^) 1 

W/ B(i') (l+«,/c)’ 

wheie ti, is the radial component of the velocity of the nebula relative 
to local matter at rest m the co ordinate system. Substitution of this 
in the previous equation and integration gives 
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= f'jl 




3? 


dt' 


( 9 ) 


On Lho loft hand side I, ho notation ig slightly altoiod, wliono it moans 
the difforonco of tho oo oidinato distances ahsoiucd at tinios l\ and 
The right hand sido cannot ho mtogralod further But sinco |ic/o| is 
monotono docroasing and H(i') is monotone inoreasing wo havo whon 

the outward volooity of tho nebula ig groabor than tho volocity of 
expansion 




[u/o] 

l+«r/0 



R, 




whore Ur/o has boon replaced by a moan value m tho interval 

I'o a-nd t\, From this an upper limit to tho intorval can bo obtninod 
a9 follows : 







m) 


< 


a/., IP 


Mi 

Ro 


. . ( 10 ) 


Tho noglootoC ujo is ordinarily ^ustifmblo as tho volooity of proper 
motion is, according to tho existing observational material, small 
compared to tho volocity of light, 


If wo assume tho expansion started at a dofinito opooh and u to 
bo the proper volooity of a nebula at time oocnpying tho co-ordinalo 
position ?j, equation (10) givos an upper limit to tho ago of expansion 
m tho oxporionco of an obsorvor at tho origin This equation in fact 
states, that orew if tvo assume tho nohula to ham boon piesont at the mtgin 
at tho time tohon tho oopanswn stalled and to have boon moving oulioaid in 
co^oidinato system sinco i/ioa, it could not have appeal ad at tho co>- 
ordinate position r, %n a time {in the etepononco of lho ohstum)) groalor 
than that given by tho ngUdiand sido of (10). 

In applying this formula to tho oxigting observational luatorial 
wo havo to noto sovoral points First it has boon shown by Tolman * 


* I/.a,,pp d02CC, 
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that the co oidinato distance i and the astronomically moasuved 
distance d are related as follows : 


For disbanoes of a few million paraccs so that tlio douo- 

minnfcor on the left may bo loplaood by unity Hence 


1 * „ > . 

Even up to 20 million parsecs {d\/\) is less than 0*01 The correc- 
tion to 9 will be less than 2 per cent , which far exceeds the degree of 
accuracy of observational data. It is thus reasonable to identify i 
with d for such small distances. 

With this inteipretation of i as distance in an Euclidean space, it 
IS permissible to interpret the bracketed expression in (1) as square 
of the element of length do- in^the same space. Though the Doppler 
shifts mentioned in the previous sections measure only the radial 
velocities, there is no reason to behevo that the peoulmi motions of the 
nehulae are all radial Equation ( 3 ) is applicable to all oases hut equation 
( 5 ) in a general case can be modihed by replacing di by dir, the ele- 
ment of path in the Euclidean space The corresponding olianges to be 
introduced m the formulae are (r,^o-o in place of 9,-9^ m (8u) and 
fTj in place of 9', in ( 10 ) For small lengths ^,-0-0 may ho 
identified with the chord loimiig the two points of the path, which is 
certainly less than 9 0+9, and so less than 29 , Thus we again get 
to the same formula (10), only thehipper limit on the right is doubled, 
to be on the safe side The existence of a oross-radial component 
m |fi/c| in the denominator of (10) will not affect the upper limit 
when in the oaloulations a la replaced by the radial component. 

Secondly, in calculating u we should remember that the calculation 
of tha radial velooifey is made just as if everything takes place in 
wrdinary Euclidean space. The Doppler effect, as measuied by the 
terrestrial observer, is converted hy tl^e ordinary method into a 
veboity, We shall for the moment consider that relative to the 
terrestrial observer, the mean motion of matter m the neighbourhood 
of the nebula 13 represented by the appropiiate velocity of recession 
at that distance according to tha velocity -distance relation and the 
measured velooity of the nebula is its velocity relative to the same 
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oljgei'vei’ Tho difCeronoe of fchogo two volooibios will givo As 
these volooibios aro small compared to light volooity, the diffoience 
18 taken in tho ordinary mannor 

OntherighthandBidoof (10), R(0/Ro an uncoitain factor of 
which no dofinite mimorical value is known. Bub in all probability, 
as suggoabed by other mothods of- oaloulation the value ot this labio 
does not oxcood a double- Hgurod luimbor near about ton and is oven 
suspoobod to bo only about 2 In tho following oaloulations no numori- 
cal value has, liowovor, boon aubstitiitod for this ratio 

flio following table shows tho losults ol oaloulatiou aocording to 
formula (10) Tho nobulao have boon so soloctod that thoro is in 
every oaso a largo disoropanoy bobwoon tho obsorvod velocity oorrospon- 
ing to the rod shift and tho volooity oaloulatod from tlio photographic 
magnitiido and tho velocity distanoo rolation so that tlioro is a large 
probability that Hub disoropanoy is mainly duo to tlie proper motion 
of tho nebula ratlior than to obsorvational errors and wrong ostimation 
of distances. IIoio pbotograptio magnitudo, (/-= distanco in 

10« parsocs, ii= volooity in Imjscc dodiioocl from ohsorvotl rod shift, 
velocity oaloulatod from volooity distanco rolation, namtdy, bOO 
Imfsoo por mogaparsoo, «= 'volooity of propor motion Tho last 
column iabulatos tho value of @ given by (13) as 

R(<',)/Ro 

* Juefciflcfttion for tins oun bo easily obtalnod thus • If t, be tho time when 
liftlit loaves a nebula and t, tho time when it arrives oil tho oaith, wo have tho rolation 
(Tolman, B T 0 , p 890) 

(A + 5X)/A « + 

In this (5A/A) may bo oonsidorod as tho total rod shift, being the sum of (SA/A)« 
duo to cosmio expansion, and (Sa/a), dyo to tho propor motion of the nobuln Also 

In (A) tho li^Jt factor on iho right may bs roplaood by unity Wo hiivo then 
«r/o « {1+(5A/A),}{H.(5A/A),)}"‘-1 
~ '(5a/a),-(5A/A), 

where tho suffix I roprosonts tUe total shift, Tho lolativo radial velocity is thus obtamod 
by Bubtraotmg from tho obsorvod Dopplor eftoot tho Bopplor offoot of tho gonoral 
expansion according to the volooity rdi stance relation, 
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setting an upper limit to the ago measured m terms of 


N G 0 


d 

in 10° 
parsecs 

V 

in 

km 1 sec 

V 

in 

hmjsec 

in 

km (sec 

•T— ' ' . 

© 

1407 

11 5 

1 1 

+ 2000 

+ 615 

+ 1385 

0 8 10“ years 

157 

11 2 

1 0 

+ 1800 

+ 660 

+ 1240 

08 -10“ „ 

1084 

11 2 

1 0 

+ 1450 

+ 560 

+ 890 

1‘1 -10“ „ 

5982 

12 7 

2 0 

+ 2900 

+ 1120 

+ 1780 

M -lO" „ 


17-5 

17-1 

+19000 

+9600 

+ 9400 

17 -10“ „ 

5005 

10*6 

0 76 

+ 1030 

+ 425 

+ 605 

0 76-lO“ „ 

4151 

10 9 

0 87 

4- 1050 

+ 485 

+ 565 

1 6 -lO' „ 

4649 

9 8 

0-52 

+ 1130 

+ 406 

+ 730 

0 7 -10“ „ 

6703 

13 6 

3 0 

+ 2280 

+ 1680 

+ 600 

4 9 10“ „ 

6661 

14 0 

3 6 

+ 4170 

+ 2020 

+ 2150 

1 6 10» „ 

6710 

15-0 

5 8 I 

+ 5380 

+ 3250 

+ 2130 

25 -10“ „ 


Oonsidering the frequent ocourrenoe of the value of © near about 
1 10° we may taka the upper limit to the age of the Universe to be 

giyen by about lO- years (so teas oan be judged from the 


present data) 

3 , Motion for the Simula model g{t):=2lt. 

It has been stated that oiir ignorance of the nature of the function 

E(«) does nob allow UB to proceed further than (8). But to form an 

idea of the time^nd rate at which the proper motions tend to disappear 
we work out the case of the simplified modal 

for which the coeffloient of expansion R/R is equal to a constant 
H whose vaUie calculated from present day observations is 

5'7l X lO” 
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lijqufitioii can bo infcegratocl, romemboiing (11) m tho form 


/■ * 


1 J — (yAQ~^^o 
2k V A 


Intogi’ntin^ n.ucl sub'jtifcuLing from (4), when 9 <<R^, 


±(r~~ 7 ^) 


- r ^-r 

Hv^A L A^l — 


1 

■v^l— «o/r® 


] 


'wluoli on fill fclioi’ Hiib'^titufcion from (G ) loads to 


±0 


-’o) 


J. J. ^ 
li |?#/c[ 



-mV o« 




] 


K 


(12) 


Usually ^tr/o and jt^fc aro both small, in such oases oxproasing 
r,— ro til pajsoca wo Imvo 


±0i*-“>o> = 27xl0« 


1 

I «/c [ 


(k^/o® -->?{®/c*) 


R{ 0 ’ 


(13) 


'X’his formula onablos us to oalciilato in torma of tho ratio Ro/H(0) tho 
oo ordiimto ilmtaiioo u--'>q travorsod by a nobula ns its volooity 
cleoroasoa from to «. H is nooossnry to point out that tins co* 
ordinato ‘ iliHfcEiiioo ” is roally an intoiwal whoso ond-points aro ocoiipiod 
by tho nobiilrt at two (hO'ment opochs, so that rj— is not tho actual 
ctistanoo oovorotl by tho nobula Wo may imagmo two hypothotioal 
nobuluo having no proper motion at tho points and i\ Tho diatanoo 
*>1 piir“Hoos m (13) is tho distance botwoon those two nobulao, 
say at tho fU'Ht opooh Tho formula (13) shows that tho moving 
nobula has just ovortakon tho hypothetical nobula at when tho 
proper motion of tho moving nobula has fallen from Ug to u Tho 

formula iiivolvoH tho rathor moon voniont factor Ro/U( 0 . givoa 

a roaiilt only ni toms of this ratio 

Formula (0) can bo uaod for oatimatnig tho timo in which tho 
proper volooity of a nobula is roduood by a certain per cent , since 
on tho ri^^ht-liOfiiit side A is a constant for tlio motion of a nobula 
I3ut tho mloi'val in this oaso la givon in torms of tho ladii of tho 
Uni verso at tho two opooh a. 

For tho ptiftioular model g{t)^2k\i wo oan form some idea of the 
Ximo mtorval in whioh tho dooroaao in propor volooity takes placo by 

J 6 



110 


N B. SEN 


integmling 7(a) If (j „, -?)< <Ro we have from (7a) 

h 


= KI (IS) 

where 1 « ! < I I < 1 • Combining tins equation with (12) 

which for 1 «/c 1 <<1 cati ha written as 


wo have 


whonoo 


= io vi'c'S-'*’) 




1 

aian'f 


= h<M<W 


( 16 ) 


Tins time interval is not that of the observer who has to take along 
with it a Dopplei effect factor. But for our purpose of a rough estimate 
o£ the tiino Interval this is enough, 

The random pro|iGr motions of the nebulae have a loiicleiioy to bo 
gradually legularised, Tho extreme slowness of the process of regula 
risation la shown by (16) For instance, if we take I \ =100 
km/seo, and | w | c= 99 km/seo, equation (16) shows that this 
diminution of 1% of tho velocity takes place m time (^— — O' 2 X 10«, 
years A. diminution of 10^ of tho velocity will bo brought about in 
time (^'—fo) years where 


0 92x10“ years <i—tQ< 1 6x10® years. 

Applying formula (13) we End that in the first case while \% of 
the velocity disappears, the nobulti traverses a oo-ordinate distanuo 
5 —>*0 = 1808 ^olW) parsecs, and in the latter ease, for a dlfhinittibii 
of the 10% of the velocity, r— ■I'o tslO.OuO Ro/R(^) parsecs nearly. 

These figures only point to the extreme slowness of the p too ess 
of iegularisation mentioned ahovb add show the hiinuto deviation 
from the classical law of inertia for lodal observers in tho hew Schetae 
of the expansion theory. 


Bull Oal Math. See., Vol, XXVJI, Nos. 3 <fc 4 (1935) 
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A NOTH ON TIIH AUHA ObNTTIOID OF A OE.OSHD CONVEX. OVAL 

DY 

B 0 liosi!- AND S N Boy 
(OalcHila) 

InhudiicHon — Throo clifEoi’ont kinds of confcroid uro connoctod wBh 
a olosod oonvo\ oval oiirvo V Tbo ooiifci'oid of Uio poiimotor -wlion 
to oaoli point wo assoc lato a donsity equal to tho ourvaliuo at tlio 
point, iH known as tbo m)uatmo cowijoid* of tho oval Tlio centroid 
of the porimotoi* when to oaoh point wo nsaooiato a uni fori a donsity 
may bo callod tho potimotm con^joid The coiitroid of tho area 
of tho oval, on tho assumption of uniform donsity, may bo oallod 
tho aiooj milnod. When wo considor a aystom of curves parallel to V, 
tho curvature contioid roniains invaiiant, while aucording to a thooiom 
of Kiibotaf tho locus of tho porimotor uoiiLiold is a straight lino 
Tlio objoob of tho prosont iioto is to study tho coriosponding loous 
for the aioa oontroid Wo show that tho loous in quostion is a conio, 
tho coniploto rolatiou botwoou tho oui’vaturo oontroid, and tho looi 
of tho oLlior two centroids hoing given by tlio following thoorom* — 

For a system of mtvos i)aiallol to a ctmvcx oval, the cuivaturo ccnhoid 
IS a fiml poi7il trn, lh(‘ locus of tho cojilioiil is a stiaighl line 1^,, 

passing Ihoiujh (/q, and the loom of the mea conlioul isacoufoSJ,, 
touching at (Iq, If ll, ho Iho poiiniolo) oentjoul and (f,, the aica 
ccntijOid of the snnw cuivo oj the syslom, then the tangent to at 
passes through C}\ 

CoiTOsponding to Kubota’s thoorom, that if Cor any ono oval of tho 
systom, tho p oil motor controid coineidos with tho curvature coiitroid 

* J, Steiner } Von dom KrUinmungaBohwerpimkte ebonor Kurven Orello J 
21 (1888). 

f T Kubota* Ubor dio SiiiworpuuKlo dor oouvexon gosohloaaonon Kurven uud 
Flltchou. d’ohoku Math J, 14,(1018), SOU?, 
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thou tlio same is tmo ror ovoiy oval of llio systom, ,i„ „ow gol, ■ 
(1) if Jo, any oml of the ly.lmn the thee cenbouh he on a line, then thel 
lie on the line fo, eveuj oml of the lystem, (2) if any oml of the syeteni 
the thee oenhouh came, tie, they coincule fm eeeiy oval of the system 

oriespoinUng to oui tlioorom* that tov a systom of parallel coiivo\ 
ovals, tho d.slaiioo hotwoon tho peumoter and tho curvature oeutro,d 
vanes .nvoisely as Ilia peumoter , wo iiosv got fo, a system of pmallel 
convex ovals the a, ea of tho t, lantjle fm mod hy the th ee < ent, ouls vmics 
iJive^sely as the 'product of the pe>%nietei and the aiea 

Ifp, and p, bo the mavimnm and the miniiiumi radii of oiirvaturo 
Of the olosed oonvox oval V, then the parallel onrve at a d.stanoo h, 
{h being measured positively along the outward normal) will bo an 
oral only when h does not lie between -p, and -p. Let 3', bo 
that aio of the conio 3, (wli.oli i, the loons of tho area centroids of 
eiirves parallel to T), wliieli correspoiicle to value, of h not lying 
e ween p and p, 1 Both the curvature ooiitioid G„ and tho 
area can i-oid G of V lie on 3'. Wo prove that, if a he any point 

at hast thee pans of paialU tangent, to V, such that the tangent, 
ielongmg to the same pai, a,e equidistant f,om 9, (3) at least thee chmd, 
ofyaiehiswtedatCf The properties (1) and (2) wero proved for 
tho oiirvatura centroid O. by Ilayashi ,t while ono of tho authors 
proved the property (3) for G, and the piope.tios (2) and (3) tor G., 
in a locent note published in this bulletin § 


Ooueider a closed convex oval V Let (x. y) denote tho oo- 
ordmates of aij point on V, and let p denote the length of tho 

leokoued positively when the origin hes to the left of the tangent. 

* ® ® Boss and S M Eoy Sons pmpertias ol the convex oval with lereranoa 

to Its padniatar oantro.d, Ballalii. 0.1 Math a„c . 27, VPSPdPsT 
T ^Or V8rlU6S of lyjDff ■— -n q «#-1 li 

a.lE caUidg The point, of 4 correapondia/t ^ 

as the area centroids ot bheae ciin^oB with suitah?^ regarded 

area. ’ oonvontione a, to the sign of the 

Bend One, 

oval. BellatioOal Math Soc , 37, 6 , 01 , 
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Lot, ^ bo tliD aiiglo which iho positive fcangont makes with the positive 
dii'eotioii of fcliQ Then 


^ =r t, sin cos xjf 
})' = X cos Bin \J/ 
ThoroEoi'o t) = p sin i/'+ji' cos ^ 


(^) 

... ( 2 ) 
• (3) 


y = COB \j/+p' Sin \f/ 

wlioro (lashoa douoto iliiTorontmtioii with roBpoct to ^ 

TjoL Tj clGiiote the porimetoi’ and A denote the area of V If 
(.^o*yo)» Vi) bo the CO oidinates of the ourvatiiro centroid and the 
porimotor controid lospectivoly, wo know that * 


1 

,i'„ = ~ j 2 ^ 

TT J 
0 

I 

2/o = “ - / P GO'l 
TT J 
0 

. -MTT 

>«1 “ y — Sill 

n 

Vi “ cos 

(1 

Ijot ( c,, j/j) bo the CO ordinates of the area centroid of V 


.. (5) 

... (6) 

... (7) 

... ( 8 ) 


Now 




0 



»7r 

(jp^sm i^+2Vco« '/')(?’ +Ky’/'i (1) '(9) 


0 


*■ U.' Kubota Loo cH , R 0, Boso and 8. N. Hoy . Loo, oit. 
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Now intogiafcing by parts and noticing that the part ouIhuIo the 
into grill sign vanishes in oaoh nitegiation, when taken between the 
limits, wo have 


/ air -air 

p*p''am^d\l/ =: — / p'(2;^cos i/f+i^^p'sin 

0 o 

/ STT -air 

P®sm ^ j pp' Bin xl/dtp 

O O 

/ STT *a7r 

p‘<iOB \pd\l/ = p^amij/d^ 

O 0 

/ air - air 

^ip^'ces ij/dff/ = I p'’(“' p sin cos 

D 0 

/ ITT .air 

P23'*sin i/fdi/f 4- -j- / p'^p''Bn\ iffd^, 
0 o 

Substituting from (10), (1 1) and (12) in (9) wo have 

»a = ^ J sin i/'# 

0 

Til the same way wo have 

Vi = "■'HX' j cos V/# 


( 10 ) 
. ( 11 ) 


( 12 ) 


(18) 


.. (14) 


II 

Iiet A(k) denote the aiea, and rj(/i-) the peinmeter of tho oval V* 
paiallol to V, at a distance /i, /i being rookoned positively along the 
outwaid normal Let Z/aC^O be the centroid and a’j(?i), 

y^(h) the poumoter centroid of Then, 

A{h) =5 A+Ij/i+irlt* } Ij(1i) = L4»,2ir/i- (3 8) 

Hence from (13) we have 


/ air 

—p")} sin tj/d\lf 

Q 

= A(Ba +7ilJi5i + 7rft’a'o, 

from. (13), (7) and (8), 
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Thoroforo iJh) = 

A+Uf 7 r 7 i“ 


Similarly 


vM 


Ay a •f/tliiyi ‘^Trh’^ya 
A^ lj /4 + 7r/i® 


In the «amo way 


'.(A) 


Lp i ‘\-2ir7i}}^ 

Ij + 2irh * 


(16) 


'( 17 ) 




(18) 


Z/i (?0 


1^7 i + 2^%p 
Ij + 27rh 


( 19 ) 


From (18) and (19) it is ovidonfc that the looiis of t»i(/0» J/i(7i) i« 
the stiaight hno St joining (io>7o) and (o,,yi), 

IDhminating /i from (10) and (17) and roplaonig y^(h) by 

a , y wo find that tho loons of tlio area contriod is tlio coino 


ttA 

'■ y 1 

= Jj" 

in y 1 


1 y 1 


I'o Vo 1 


’’o l/o ^ 


*’i Vi 1 


Vi 1 


'• 1 71 t 


^'a 7a I 


Tfot us denote Lina conio by 



Denoting by do* Clii Qj 
the points (i>o, yo)» (ft)x, y,) 
and (t8|t, y,) reapeotively tlio 
form of the equation (20) 
at once shows that the conic 
Sa touohos tho linos 
and 0 iGfj at tho points 
wiioro thoy aio out by the 
lino Clo(^»i * j nfc tho;points 
Go G# respectively. (See 
Figure.) Wo can tlnia state 
th6 following theorem 
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TiinoRRM. — Fo) a system of citives parallel to a convoo oval, the 
cuivatt(/)e ce7iiioid is a fixed point Otq, tJio locus of the peininoter centroid 
ts a sbaight line Si passhg though Q-q and the locus of the aiea centroid 
ts a conic Sa touching S, at Gq, If Gi be the penmete^' centioid and Gj 
the a^ea ce^itioid of the same ow ve of the system, then the tangent to S 3 at 
Gj passes though Gj, 


III 


Adhering to our provions notation, and fuither denoting by A (?i) 
fclio area of the triangle foimed by the three centroids of Va, and by A 
the area of the triangle formed by the three centroids of V, we have 
from C16), (17), (18) and (l9) 


A(7i) — ■J- 


At Pg +7r7^’‘ii’o L j' ^ + 27r7i.Uo 

A4- + ’ ^ + 2-77/1 


A y , +7fcl jyi + Trli^y^ Ly , + ^nhya 

A + L7t+T7t* ’ L+27r7i ’ 


AL 

2(Ij 4 * 2Tr7i)( A-j- L?!*!* 27r7i®) 

AAL 

AC7t)L(7i) 


2 ^a. 2/1. Vo 

h 1, 1 


Hence 


A(7i) _ Ali 
A AC7i)L(7i)' 


... ( 21 ) 


We thus get the theorem 

For a system of cmves parallel to a convex oval, the aiea of the triangle 
formed by the three centroids varies inversely as the product of the penmeiei 
and area 

Suppose that as a special case the three centroids of V ooincide, i.e , 
i»a==>Bi= •’oi y 9 =J/i =^0 Then the formulae (16)— (19) show that 


«> 3 ' 70 == u j (7i , = n'o (7i) , y 9 ( 71 } = y ^ (h ) = y 0 (70 


Henoe, if the three centroids of the convex oval Y oomctde, the same i$ the 
case for the thee centroids of all curves parallel to V, 
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Next suppose that as a spooml oaso, the three centroids of V lie 
on a lino (this inoludos the case when any two oontroicls of V ooinoide). 
Lot us choose this line as the axis of w. Then From 

(IV) and (19) »/i(/0— Hence if three centroids of tho coiwex , 
oval V he on a straight line, tho throe centroids of any curve parallel 
to V lie on the samo straight lino 


IV. 

ITayashi * has shown that Blaschko’s naochanical proof of tho four 
oyolio point theorem is tantamount to tho following •— 

If a function /(</>) he one valued, continuous and periodic, with period 
2ir, and satisfy tho condtions 

/ iTT 

m W = 0 ... (22) 

0 

then tho function has at least two mamma and koo minima in tho into)val 

(0, 2n). 

Now if r=l?(d) ho tho polar equation of tho closed convex oval V, 
with its area centroid Hj, chosen as tho origin wo havo 

/ ATT /irtn 

d = 0. ... (23) 

Bin ... V / 

n 

Hence 9 % and consequently r has at least two maxima and two 
minima in tho interval (0, Stt) ITenoo from tho area centroid Ctj, at 
least four normals can bo drawn to tho oval V. 

Now consider a curve Va parallel to V at a distance h from it If 
pj and Pa maximum and minimum radu of curvature of V, 

then Ya will be an oval so long as h does not lie between ^p^ and —pj. 
Let ^'a bo that part of tho oonio % which oorros ponds to values of h 
nob lying botweon — p^ and —pa. As tho ourvaturo oontroid No 
corresponds to tho valuo /i.=r:oo and tho area oontroid Na of V| oorros- 
ponds to the value /i=0, both Na and Go ho on Now from any 
point G of S ' 9 which corresponds to a given valuo of h, four normals 
can be drawn to Va* Since those normals are also normals to V, wo 
SCO that from any point of S'a* at loAst four normals can bo drawn to 
V, Again according to a theorem proved by one of the authors,! we 

T. Hayaahi i Loo, ott 
I R. 0. Bobo i Loo, ott, 

u 



o»jn go^ three pairs of parallel tangents to V a such that the tangents 
of pan’ are equidistant from Q- The coripsponding tangents 

J:o V alqo form pairs of paiallol tangents, equidistanji fiom O But 

of pairs p| parallel tangents equidistant from &, is also equ^j 
tq nupiber of chords bisected at G, according to another thqpvem 
in the paper referred to ]ust before Hence three chords of V are 
bisected at G. Sumiuing up we have the following result , — ■ 

If V is a closed convex oval, being the maximum and p, the 
minimum radius of curvature of V, and if h does not lie between —p^ 
and — pa> the ourvos parallel to V at a distance h {h being 

I'eokoned positively along the outward normal) are convex ovals The 
locus of the area centroids of the system of parallel ovals is a part 
of a como The curvature oentioid Gq and the area centioid Gg of V 
are points on this locus OHlling th^s looiia the oval V possesses 
the following properties in relation to any point G of S', 

(a) At least four normals can be drawn fiom G to V 

' (b) T^here exist at least tbioo pans of parallel tangents to V 

snob that the tangents belonging to each pair are equidistant fiom G 

, (e) At least throe chords of V are bisected at G 


Bul^ Oah M^th, ^00 , yoh XXVXI, Nos 3 & 4 (1935), 
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On the four centroids of a closed convex surface 

BY 

B 0 BoeIb and S. N Boy 
{Galouita Univorsiiy,) 

I 

Introduotion, 

1, For ft closocl oonvov curve fcluoo clitferonfc kinds of controids 
ON^isfe;— (1) T/io oiirvatme contwulf first invosfcigatod by Stolner/ (2) 
the penmoto) oonboid, (3) tlia a^ea coni) out Many intoreating properties 
of the Gonvov oiirvo, with roforonoo to the various eentroicta are known f 

In the present paper wo attempt to investigate the oorroaponding 
properties of the oontrouls of a closed convex surface (supposed to 
be regular aimlytio). A beginning in this direction has already boon 
made by Hayaslu J and by Kubota, who showed that the locus of the 
surface conboid of a systom of surf aces parallel to a olosod convex aurfacci 
is a conic section* , 

“ J Stdinor i Von dom Kremmungaachworpiinkto oboact IfufrOa Orollo J, 21 
(1808). 

f T Kubota I iJbor dio SohwGrpunkto dot convoxcn gefiobloaaenea Kutven and 
Flttohoa, TohokuMatb J. 14, (1018), S0S7. 

MoiBsner i Obor dio Anwendung von Foutfoc— Reilion auf einjgo Aafgabon 
6^1^ (Scoinotno und Kinomatio, ViQitoIjalirBoluiffc dor Natuvfotflobonden Gosaolsobaft 
in ZUncU 84, (1000) 

F. Sobillmg . Dio Theono a. Konabruklion dor Kurvo konataator Broite, 
ZeltaobriR (iir Math u, Fiiyaik (ibU) 

T Hayaabi { On Sloinor's ourvaturo centroid. 8bldil6b Reports of tlib 
Tohoku Irapeiial Univoraity, 18 (lOai), 109 1B2, 

R. 0 Boae and S. N. Roy • Some proper bioa of Ibo convex oval with refoience 
to its perimeter ooiUroid, Bull Cal. Math Boo., 27, (1086) fid. ^ 

R. 0, Boso and 8, N. Roy 5 A noto on the area centiold of a closed convex 
oval. Bulletin Oal. Math Boo , 27, (1086) IIMIS, 

T, Eayashi i Loo, mt, j T, Kubota 5 Boo, ctU 
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Oorresponding to Steiner’s curvature centroid, we can define two 
different kinds of centroids for tlie convex surface * If to every point 
of tlio surface we associate a density equal to the Qaussian curvature 
lyRW, where R, B' are the two principal radii of curvature at the 
point, then the centroid of the surface so weighted, we call tlio Gaussian 
curvature cento Old Again if to every point of the surface we associate 
a density equal to the mean curvature ^(1/R + l/B'), then the centroid 
of the surface so weighted, we call the mean ctii uaturo cento old of tliQ 
surface. The centroid of the surface when to every point wo a3.sooiato 
a uniform density, may be called the surface cento oid> Similarly the 
centroid of the enclosed volume (a uniform density being supposed 
to bo associated with daoh point), may he called the volume 
centroid. 

2 . Consider a regular analytic closed convex surface O Let II 
denote the length of the perpendicular i from, tho origin, on tho tangont 
piano at any point P of O We can establish a ( 1 , 1 ) coirespondenco 
between the surface, and tho unit sphere, with the centre at the origin, 
in the sense that corresponding to the point P of the surfaco, wo 
take the point P' on the unit sphere, P' being tho point, where tho 
half-line through the origin pai-allel to tho outward noimal to tho 
surface at P, meets the unit sphere Let and bo the latitude 
dnd longitude on tho unit sphere, whore tho section by the ,iy-plano 
18 the equator and the section by the aia-plane is tho meridian. To 
the point P' on the unit sphere we now associate the scalar quantity 
II, already defined, Any function of position on the unit sphere, and 
in particular H, can bo looked upon either as a function of and <fi , 
or of a, / 3 , 7, the direction cosmos of the line Joining the point to tho 
centre, H may be called the tangential function {stutzfunUion) of tho 
surface. Grad H would mean a vector lying in the tangont plane to 
tlio unit sphere at P^, with cross meridianal and meridianal components 

^ cos 9 ^ ' 6 

It IB easily seen that grad H can also be regarded as a space vector 
with <0, ojj z components 

" T, Bonneseu and W Eancbel , Theorie der Konvoxen Korpet, 68 

+ If tba origin be supposed ko lio to the mtenoi of the surface, then H la always 
positive Ik IB bowover posaible to take the origin ontBide the surface, if suitabl* 
conventions of Bigns are adopted. ' 
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0n 

0<A 


am ij/ COB 


d(f> 


sin (f) 

COB ip 


8H 


sin ip sin ^4- 


0_II 

d(p 


cos </ > 
cos ip 


8H 

dp 


coa p 


( 1 . 12 ) 


\Vq may tlenofco (as is usual) by du) ilio oloraont o£ sui’faoo on tlio 
■unit spliorOj so tliat 

il5w=oos pdpdp, (1*2) 

3 If now v', V"‘i (MO the vector s from tho ongin to the 
Gaussian cuivatmo ooniioid, moan cmvatwc oontioid, surfaco oontroid 
and volume cenhoult 'laspectivohjt wo show that 


=S 3 

jnndco 

... (1.3) 

2Mo«*' = 

J(3n»~vn)n£Za> 

... (1.4) 

= 

|{n“-nvll + l (grad 11. grad)Vll}4t£/<^ 

... (1.5) 

4Vo4»"' - 

|{IP-.2II»VU 



+ 11 (grad II. grad) Vll+i(Vn)*}7tdw 



+ hj JI. grad) V 11} grad 11 do>. 

... (1.6) 


Horo tbo inlogralions arc over tho whole unit aphoro, n is the unit 
vector normal to tho unit aphoro, and V io SoUrami*3 first operator 
giYon by 

VII = grad grad II 


( eji V4. /"MV 

\ 0’^' / ^ OOS*^' \ dp / 


( 1 . 7 ) 


the dob signifying as usual tho soalar product. 
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Again Mo denotes tho integral of mean mtvatmo talcon over tlte 
whole surface, So denotes the surface area, and the volumo enclosed 
by the surface It is known that 


M:o = yHda) ... (1.81) 

S„=: (1.82j 


and we show that 

Va ~ ^ 411 Vn+^ (grad II. grad) vn)}da) ... (183) 


Substituting from the above in (I 3), (1 4), (1 5) and (1 6), Wo got 
formulae ea^preseing v\ «*", r'" pii'icly in to ms of tho tangential func- 
tion (StutzfunUion) H. 

The proof of the results (1 3)— (1 6 j and (183) mainly depends 
upon the following interesting lesiilt which may prove to bo of widoi 
application, than tho use made of it in the present paper 

If U IS a function of position on the unit sphere^ being hoinogoneous 
in a, y and of the nth degree in a, /3, y, then 



( 19 ) 


where tho integrations are tahen over the whole mit sphete, 

4 We next go on to study the geometrical properties of tho 
centroids, Corresponding to Meissner’s theorem,* that tho ourvaturo 
centroid, and the perimeter centroid of a convex curve of constant 
ti^eildth doinoide, W0 prove the^t the Cfaussidn (tnd mean ourvature centroids 


* MeiBsnor Loe cH. 
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of a oonvon stirfaoo of aonstant headth coinoido. Again show that 
ihe Gaussian omuatme oonboid of a systam of paiallel convoke surfaces is 
afiml point Q-®, and the loons 0 / the mean omoatuie oentioid is a straight 
line S'. Kubofca*^ has already shown that the loons of the sm face centroid 
IS a conic S" Wo show that this conio touches S' at G®. Again we find 
that the locus of the volume cenhoid is a latwnal space cuhio S'", osculating 
S" .at G“ ITinally if Q°, G', Q", G'" bo ihefout cents oida for any one 
of the system of paialhl suo faces, wo piovo that the tangent at G" fo S" 
passes through G', the tangent at G"' to S'" passes through G" while 
the osculating plana to S'" at G"', coincides loith the plane G' G" G'". 
{JJoG figiirs on pago 145.) 

' II. 


Opel ational Calculus 

1. Lot a, y bo tho clirootion cosines of the normal at any point 
P of tho surface, thon a, (3, y are also tho chroofcion cosmos of tho lino 
OP', whoro 0 IS tho origin and P' is tho point on tho unit sphere 
ooiTosponding to P lion 00 


a=:oos ^ 000 1 /', ^=3Sin!(^ sin i{/, yssin 
whor^ of courao 


( 2 . 11 ) 


( 2 . 12 ) 


It has already boon noted that tho tangential function (stutzfunk- 
tion) If can oithor bo regarded as a function of tp and (f, or of a, /S, y, 
Through tho help of (2 12) wo oan malco II, n homogonoouB linear 
f auction of a, /3, y Tliroughout tins paper wo shall always consider 
tins to have boon done 'riion tho following fovmulao (2 21)— (2.87^ 
are known to hold. I 


—111 
O a 






0y 


V m) 


t 


* Kubota Loo, Oil 

I l^lftscbke . tfroia und Kugel, 1$8 Ul, 
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where partial differentiation with respect to a, (S, y is denoted by tbe 
suffixes 1, 2, 3 We shall use this notation throughout this papert 
Also 


aH, +i3H, +yHa=U, 
aH,,+i8I-I^,+vH,3=:0, 

«H5,i+^H.jj+yH38=0, 

aHaj+^Hsa+yHaaSrO. 


( 2 * 22 ) 


If R, R' bo the prinoipal radii of ouryature of our sui'Eaco, at any 
point, then » 

B + R' = Hu+Haa + Haa ... [(2.31) 

= 2H+A9H, m (2.32) 


where A a welllknown Beltramian second operator given by 


^ s 



11 . 

dr 


—tan ip 


dip 


... (2.33) 


= div gi'ad (in vector language). 


... (2 34) 


EH' 


_ H,aHaa— Hga 




'{2 35) 


— ^sa^Tl ^8l ,,, (2 36) 


= ^ (2.37) 

y“ 

2, Let U be any homogeneous function of a, y of nth degree, 
V^here -n is zero or is a positive or negative integer. Then 


^ - 1£ 1? +11. M +11 

0^ 0a 0<^ 0^00 0y0^’ 


;(2 41) 


au _ ^ 8a ^ ^ ^ ^ 

0^ “ dip dy ' dip * 


. (2.42) 
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ov from (2 11 ) 

' i 

... (3^3, 

I I V 

0u _ au . 6u , , Qxj 

aiuTi fioiu Euler's formula ^ 

nV = COB </» uos i^+ Ijsin 0 cos ^ sin ‘ ... (2 45) 

{Solving equations (iJ43), (2 44), (2 4S) for ^ |2 lye have, 

9a 9/3’ 9y ’ 

' ! 

3 = - Zl til" 6? + ’* ““ 

3 fl = o« $ I? - 3f + ” ^ U, (2 62, 


au= 0 9«+oo„^9«+«mn^XJ, 

ay 30 ^60 


(^53) 


A 

Thns if opoialos on a liomogonoous funotiion of the degree 

0 a 

in tt, /3, y then wo have tho operational identity 

® 5= — 1'^' J!? . — ooH 0 sin 0 + n cos 0 cos dr, (2 54) 

a tt cos 0- a */) o 0 

a a 

and Bimilai'ly for luid 

d ' 0 0 

It IH thus soon that tho oxprossion for -g- m terms of ^ 

coutaina inbogor «, Tlioroforo as operating on a homogeneoi|^ 

fimofcion of tlio «^7^ dogroo m a, y, when looked upon as hgilA kt) 

of and » oan bo oonvomontly called — , and we can write 

00 00 ^ 

17 
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s ^ —cos <f> sin +w cos ff> cos i/f, (2 85) 

0a(,)t CQS^p 0 9 oy 

^ s “Sin ff> sin \(r g-- +w sin ^ cos f, (2 56) 

9/3(„> cost// d</> 0'/' 


a 0+cos ^ ^-p +« sin i/r. 

ercn) 0'/' 

3. From (2 55), (2.56), (2 57) it is roadily ssoii that 


M. (2.57) 


— =: gratl,+Ka, ... (201) 

0“(") 

j I 

where gmd,TJ represents the a-component of tho vootor grad U , 
and similarly 


i 


|-— = grady+n/3, 

OP(i.) 

... (2.62) 

li a 

— = grad,+wy. 

Oy(o 

... (2 63) 

JEt^memboring that H is of the drat dagroe m a, /3, y 


H.= ® II = gmd, n+all, 

... (2 64) 

H.= L- H =. graa,H+m. 

OP{l) 

' ! 

... (2.65) 

* h 

H*= — H = grad, H+yH. 

07(1) 

... (2 60) 

\ Ht + HJ+HI = grad H gradH+H* 


“ V ' . " “ =s' VH+H® 

Agfainc. c 

... (2 71) 

,51,4™+H. = (gwl.+aH)( 



-)-two simil^ terms 


IP I k 
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=:(giacl,ll — +wa grad + +«Ha*) 

O®(o) O®(o) 


+ two similai’ torma. 


Now by ISnlor’s iheorom 




+ r-l- = 0, 


9«(o) 9^(0) Qt-co) 


vvJtnlo a giud , II + /3 grad j, 11 + y grad , II ^ 0. 

y 

as grad 11 hos in the tangent plane to the splioro, Heiioe 

H, ^ +nfl ® pradll. grocl +n®H. ... (2,72) 

• OP(«) OV(n) 

<|j A.U the integrations in this paper, unless otherwiso stated, 
should bo understood to bo taken over the whole oC the unit sphere, 
The double sign of integration will always for shortness bo replaced 
by a single sign, Wo shall now prove an important lemma 

Let tJ bo a function of position on the unitsphoro being homogeneous 
in a, /3, y and of degree n When XJ is regarded as a funotioo of ^ 
and ^ wo can replace 


1= fc- 


IIoiioo 


fdV 
y 0tt 


dii) 


Udw 


„ f \ 

y 0 «(n) 

^ 2 V “COS tji Sin l/' ^ 

J\ cosi/^ 0fA 0i/' 


+ «U 008 ^ ooB COS from (2.85) 


On integrating by parts, the first portion with respect to the 
second portion with respeot to and leaving tho third portion 
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unchangod, and noting that Binoe the integration is over the whole 
of the unit sphere, the partially integrated parts vanish, wo have, 

I = J* (cos </> + cos <f> cos 2i^ + «. 008 Goa^i}/)Vd(l}d\l/ 

= (n + 2)Jv cos (ji OOB^tf/d(J>diff 

= (w+2;JaUdw, from (2 11) 

We have thus shown that 

(^ 0 ) =: {n + 2)J'aVd<o, I 




= (w+2)|/SUdw, 

= (n + 2)J'ymw 

If we leplace U by VW, where V and W are homogeneous funotiona 
of a, /8, y of degrees m and n rospedtivoly wo got tho formulae in a 
slightly different form 

/V - iw P'dw + (m + n+2)faYWdoi, 

J oa J J 

Jy dw = — Jw + (m4-?i + 2)J)3VWdu, 


(2 9) 


jV-|^£^a) = _ Jw |Xdw + (m+n + 2)JyVW^?(o, 

The formulae (2 8) and (2 9) will be extremely useful to us and 
will be called the fundamental formulae for integration by parts. 


III 

The Gaussian mi vatui e conti'oid 

f 

If to every point P of our closed convex surface O, we associate a 
density eq^ual to the Oaussian curvature, then we can define the centroid 
9 f the .surface so weighted, to be the Gaussian ci^vature centroid of 11 



t’OUIl CBNTROIbS OF A CLOSED CONVEX SURFACE liiQ 

Lot i>’°, t/°, s® 1)0 ilio I'Gotangulav co-ovdmatea of the Gaussian 
oui’vaturo confcroid, Thon 



wliOL’o (ZS 18 the oloinont of the surfaco, and the integration extends 
ovoi’ bho nuvfaoo Since 


fchifi givoH ua 


(IS =» It Ri'(Zo) 


1 



In formula (2 8), putting XJ=II wo have (since w=l) 



/a”''”' = 


ThoroCoio 

'liTra ^ — h^ylli^o) 

... (3 21 ) 

lulcowiHo 

diTTfU” = 

(3 22 ) 


^TTIJ^ C= 

... ( 3 . 23 ) 

ITougo if ihnotos 
conk Old 

tlio vector ft otn the origin to the Gaussian curvature 

' 

= 8 [ll 4 l-(Z(t) 

, ... '(3 3 ), 


whero n k Iho unit voolor notmalto tho unit spheie over which we art 

integi aling. 
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IV 

The mean cno latioo centioid 

If to ovory point ol our oloaed convex surface O we nasooiate a 
donaity equal to the mean om’vatnre 



then the centroid of the STirface so weighted may be called the mean 
enrvaiwo c&nhoid of O 


Let a;', y\ s' he the vootangular co-ordinates of the moan ourvatnio 
centroid. Then 


... (411). 

Thorof ore M o s' = R' ) sdoj. 

(di 12) 

whore 

... (4.2) 


Suhstitutiug from {2 31) and (2 31) in (412) wo have 


M„.' = i/|5(n.v+U,, + H„V!(. ... (43) 


= ^ /n. 1^ n.iiti. + i Jh.I^ 


+ i / 1- (H! 

A.pplylng the fundamental formula {2i9) to the three integLala 
in bho ahoTO expresBion, and rememhering that H,, Hg are of zero 
clegroes ib aj V we have 
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m 



= - if (H*)fZ»+j'an,H.<i» 

+ if yHJiZo) 

Again applying (2 8) wo havo 

Moc' = - yTltdo> + J aH.Hafiw - \ +J;9n Jl.flto 

+ ijyJlldb) 

= — 5j'y(n* H-IIS +n»)fZo) + J" IlalaEIi 4 ‘^Hj 4*yna)f^<*) 

01 ’ from (2 22) 

Mo 2 '= - + + jHHarfoi 

= - y(n»+I]S+n?)rfaj+ 2jyllHo) from (2.8), 


Ilonco from (2.71) 

2 Mo«'= |( 3 TI»-vn)yf?« 

Likowiso 

2 M„fl)'= y( 8 n»-Vn)arZ(o 

2 M„i/=: y'(sn*--vu)/?^zw. 


... (‘i 4 'l) 


«•« (4,42) 


( 443 j 


< *♦ 
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If i** denotes tlte voctoi from the oiigin to the mean cu'ivatu'ie ocntroul 
xoo oan V})ite 

... (1-5) 

w/io? 0 as before tt is the unit vector not mal to the unit sphet e 

V 

The suif ace centioid, 

The centioid of a closed conye’? surface O when a umform density 
la supposed to be associated with eveiy point of O, may be called 
the surface centroid of 11, 

Let a/', z" be the rectangular co-ordinates of the surface centroid. 
Then 

s"=j*£dS^j’dS * ... (5 1) 

Therefore So»"= JzUR'dw, where So the surface area of 12 
= Jb., de>, from (2 21) and (2 35) 

= - from (2 9) 

^ from (2.9) again. 
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Substituting from {2 22) in tlio first of these integrals we have 

Jo, J ^ 

- i HJiIo. - ... (15.2) 

Now the sooond of thoso integrals by two applications of the 
fundamental formulae, and the uso of the relation (2 12), can bo 
written as 

i J tjtiiu + } f niH.rfu + 

= i i J/Jynjrfio + ij Ilin.* 

+ ^ J^*(aii,Ti,n,,+nsn,,)(!u - ij ynijii.fc, (S.si) 

on integrating the first and third terms with regard to a 

Likewise tho third integral m (5,2), on integration with rospoob 
to a, gives 

- i j"&(H!n..+2H,n,n.,M<o + 1 f /3yn,nS(i<o (B.32) 

and tho fifth integral in (5.2) gives 

... (5.88) 

Substituting in (6.2 j from (5 31), (5 32) and (5 33) and oollooting 
only tho terms in 1/a wo have 

ijlPyniiu,+ i*(2n.ii,H„+U!H,.i 

- X (11511, ,+2n,n,n,,)- 2^‘iJiH,,- ? n,n,ii,. |& 

a a u, j 

X8 
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lU 

= i-AvII’.lIu+THSH..- + ... (Ml) 

= Ii (say), 

on Rinfcaloly arranging and substituting from ( 2 , 22 ) 

Collooting tho other terms we have 

' > - ijllldiii + i J /JyHldw + 

+ /QvIlaU*(fa) + ]J v’Hgdw = I, (say) .. (5.42) 

Then So«,"= Ii+I* ••• 

•whero it sliould bo noticed that I 3 is free from terms oontaimng 
second diCCerontial oo-efflcients, and Ij contains only suoli terms 

Tho third torm in is after substitution from (2 22) and integration 
with the help of tho fundamental formula 

- $yn.idu> -- (l-~SjS*)H 5 H,< 2 (o + f 7 H,Han,,da) ... (6.61) 

Suhstituting for )3^a (2 22) in tho fourth term of I, and 

by ropeatod applications of the fundamental integration formulae 
WQ got, 

- 7HH?da> + 3 JaHHaHjdco 

+ iJaYHidw' + (1— 3a’ )HlH 8 dw — 'JyHJIl 1 •*.' (6 62 

Noting that the last term in (5.62) taken together with the fin 
two terras of I,, gives on integration 


■j ... ( 6 . 6 ; 
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%vo liivvo on oollocting all tho loims 

- l/d + ijd’ — 

i 

a//3yTIJT^Z(0 - :JamiIl,ch - ^JfayKIlUdoy 

- uf -^yll - -1 jymilcU + 3 JaHHiHado) (5 71) 

[ulomli II lifting a aiul /3 111 (5 71) we get anofcbei similai lormula 
for So 3 "^ On niltling up tlioso two and halving wo havo 

iJyTI(II? +11; + 

c=! |y(IIananB8+IIin,IIia+n8HiIIax)^?“ 

_ ‘J(l-3y*)II3£2w + 

-^jYii(nHn3+H8^^<^ + 

„„ „„bHUU.l.o„ f™m (2,22), B^pUfloaUcn and mteg.aUon o£ ona te.n., 


)d<0 

... (5 72) 

(5 73) 
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Thefiret three integrals in (5 73) can be easily shown to reduce to 

\j 7(h>.|^+H, l^+H. 1^ )(H;+H;+H5)<J.« ... (5.74) 

Therefore we liaTO finally 

S„«"= i/v (h.|^ +H. +H.|y-)(H! + HJ + H»<i». 

- iJyHCHt+Hg+HS )d(D + 

£=: ^Jy(gradH grad)(VH+H‘')c?tD 





from (2 71) and (2,72), remembering that Hi+Hj+Ha is of zero 
degrees is a, /8, y 

Therefore |{H«-HVH+-i(grad H grad)VH}y(Zt» (5 8) 


with Biinilar formulae for So»"> SqJ/". 

If 7^' bo the vector from the ongin to the surface centroid, and n the 
•urdt vector normal to iho unit s^/iere, we have 

yd-l^-HVH + Kgrad H. gi'ad)VH}Md(o (5.9) 


VI, 


The volume centroid. 

The centroid of the volume, enclosed by the closed convex surface Jl, 
a iimform density being supposed to be associated with each point, 
may be called the voltme centroid of fl, 
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Let i"', y"‘y reotangulav co-oi'dinatoa of tho volume oeoitvoid 

Tlien 

... ( 6 . 1 ) 

where tho mtogrationa aro tahon over the whole surface 
Therefore 2 V o e"' = a 

whore Vo is tho volume enclosed by O 

Thoroloro 2V„.''' = -]/ HH. "P- ri- tram ,2.38) 

_ - if n!H,,dM + }f~, n.ir.na,d» 

= I Ln.nsn..'*" 

= +An.n5ii,.<i». ••• (6.2) 

This integral can bo evaluated by exactly tho same method as wo 
used m tho provious section, oonsisting in Uio repeated applioaiion of 
tho fundamental inlogration formuko ( 2 , 8 ), (2 9 ) fcogotlior with a 
judicious applioaiion of tho idontitioH ( 2 . 22 ). Wo got in this way 

2V./'=l/(n.+yH)(n, ®y)(H!+H!+H|)^c 

+ Y(n?+H 2 + II|)“< 2 ‘-> 

- ^(2711“+^ nna)(n“+lTS+lIS)(2w + liJyU*du> 


= (na+yll)(gradll. gvnd)(VH + H»)i^« 
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laa 

+ ^|7(vH+H*)»da) - y'(2yii’+^iin3 (vn+n’)f^a) + sjyu^dt^ 

from (2 71) and (2.72) 

= ^/Ha Cgiadn, grad)VH£Z«) 

+ ijy{(VH)=>+H"+2H»VH}£?ci> 

+ (grad H. grad) Anjfiw 

— y'yH^VHrfw -f ■^JyH.^clu} 

Using noTV (2 66) we have 

iJ(grad,H)(gradH grad)(VH)(^(o + ->2n’ VH 

+ H (grad H grad)(VH) +- 5 ( VH)“}f?w ... (S3) 

with similar formulao for 47 " q®"' and 4Yoj/'", 

If be i/to vector fiotn the onffin to the voluvie cenh Old, and iho 

umi voctnr normal to tlie unit sphere, wo have 
4Vol’'"= VH + H (grad H gradj(VH) + 4-^ 

+ grad) (VH)} grad Hdw ... (6.4) 


VII. 


The throo imai imts of tho swface 


If denotes the integral of the mean curvature, taken over tlio 
whole convex surface, Sj, the surfaee aiea, and Vq the volume enolosod, 
then Mq, Sn and Yq may be called the three invariants of the sm’faoe. 
Then 



where the integration extends over the whole surface" 
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Thoiofoio SCn ~ + 


= I fioin (2 31 ) 

= J'(nni -1-/1113 + -y II 3) ti(u from ( 28 ) 

= jlldui fiom (2.22) 

In iho samo wny, wo can afLoi somo calculation piovo the known 

'formula ... (7,1) 

(IP~^VlIKw ... (7 2) 


Wo proposo to give in slightly groaior tie tail, tho derivation of a 
Bimilar formula for Vo> winch is holievoil to be new, 

v„= sj" ms, 

wlioro tho nitogratioi) is over iho whole suifaco 

Tiioioroi-o v„ = niiWiiM 

= ij f.v.m (3,87) 

"J y’ 

= j-n-mn..,,,., 

<( < I * - . 
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l<iO 


By fcho use of previous methods this finally leads to 

JH(H?+H*+H*)dw + ij* n^cU 


= n grad)( VH+H®)d(a 


-y*H(VH+H“)fZa)+| IhVw 

Hence finally 


fi’om (2 71) 
and (.2.72) 


Yo= J HH«-iHvH+^(gradH. grad)(VH)}tZw. ... (7 3) 

Substituting from (7,1), l 7.2) and (7 3) in (4 5), (5,9) and (6.4) 
TV0 get the veobors t*", puiely in terras of the tangential function 
(Stutafunktion) H, Formula (2 3) already expresses in terms of H. 


YIII 

The two curvatwio centroids of a swfaco of constant hieadtlu 

A, convex surface la called a swr/aoe of constant headth when the 
diatanoa between parallel tangent planes is oonataut For fluoh a surface 

H(a, jSy y) + H(~a, -)3, ’-7) = D = a oonat, . (8 

Our integrations have so far been peiformed over the whole um 
sphere. We shall now denote by 

J dta „* (8 2 

n 

integration over a hemisphere of the unit sphere, wlnoh lies to th 
positive side of the wy piano, If as before (n®, y®, 2®), 
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denote the co*oidinates of Gaussian and fclio moan ourvatu re centroids 
then 

'iTT J 

= j{yH-r(D-n|),i» 

n 

= — ... (8,3) 

n 

2Mo«'= j’i3H“-vn)yti5w 

= j*y{3IE*--vn-3(D“H)''' + VU}rf(i) 
n 

= Jy(GDII-3D»)d«. . (8 4) 

a 

Again from (7.1) 

n 

=r 2TrD. 

Ilonoo from (8 4) and (8,5) wo havo 

fyIIi/« -*• 1 J) ••• (8.G) 

J 

n 

Thor 0 Coro 

By intograting over siutably choson homispUoros wo can similarly 
show that 

(u®s= and y\ 

Thus for Cl mrfaoo of constant heaiWh tho Chmaian mil ilo man 
makiio cenkoiiU coincuh. This oorroaponds to Moiasnor’s tliooroni, 
that tU otiivatuio conlrnid of an oval of oonstant hoaiUh coinciiha ioUh t'5 
.pu’wc/c? crH/roid. 

19 
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IX 

The loci of the four centroids for a system of parallel conve o sii}facos. 

Let flj denote the oonyox: surface parallel to the given ooiivox 
surface fl, at a distance t from it, t being measured positively along 
the outwaid normal If p denotes the lower bound of the minimum 
ladu of ourvaturos of O, then if t ranges fiom —p to oo, n< will still 
be a convex surface, Let ^*'(0 the vootora 

fiom the origin to the Gaussian ourvaturo centroid, the mean curvature 
centroid, the surface centroid, and the volume centroid of 0{. Lob 
V=:V(0 j S=S(i) and M=:MG), denote the volume, -the surface, and 
the integral of mean curvature for O, Then clearly 

V(0)=v„, S(0)=S„, M(0)=Mo. ... (9.11) 

Prom (3 8) 

= ^/ktldo) 

4nr J 

Again from (4 5) we have 

= ^j'(3H*~VJ^t)ndo) + Stplndui 



(013) 

In the same way from (5»9) we get 


SK(0= Sor"+ 2Mof|»'+47riM'« 

M. >(014) 

and from (6 4) we get 


Vr'"(0-Voy"+Soii‘"+Moi*r'+^ 

(0,15) 

Again from (7.1), (7 2), (7 8) we easily have 


V = Yo + S,i+M„J*+ ±li* 

'(9.21) 

S = S„ + aMo<+47ri' 

M. 

M =c M()+47r^. 

... (9,28) 
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The results (9 21) to {9’23) are originally due to Stoinoi’,* 
Hence finally wo have 


v\t) 


Mo + 47ri 


(1.31) 

(9.32) 


T%t) 


»*'"(0 


So'J’'^ + + dfTTi * r “ 

“ So + 2Mo#+47ri’> 

o 

V„+S„i+M„('+ t t' 


M. (9.33) 


(9^34) 


Equations (9.31) to (9 34) are tho vector equations oC the looi of the 
four centroids, for tho system of parallol surfaces. Wo thus aoo ; 

Tho Qaussiftn curvature oontioiil of a systom of ^parallol convexi surfaces 
ts- a fixed point Q-°, tho locus of Q-', the moan ctirvaktro otntroidia a straight 
lino S'j tho loons of Q-\ tho smfaoo controid is a conic saclion Ufhilo tho 
loons of 0"', the vohmo contioul is a rational spaco ctihio S'". 

That tho locus of Ct" is a conic has boon other wise proved by 
Kubota I 


Whone=oc, 



(9.4) 

Tins shows that S', X' all pass througli Gr°, 

The equations (9.21 ) to (9,28) readily show that 


DCS — 

... (9.51) 

dt 

(It^ 

... (9 52) 

^ dt’' 

.o (9.53) 


* Steiner s Ohor pnrallolo Fllohon, OoBainmoIto Wotko JI pp. 178;176i 
t Kubota } Loo efi 
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Again if W0 take a veotor function ^—^(0 given by 



... (9{>4) 

tlien 


^ — Sor"+2Mo^r'+47ri*^‘“ 

db 

. . 19.55) 

= 2CMor'4-47rfr®) 

dt^ 

... (9,56) 

'i!i = Stt 

clC 

... (9.57) 

•S..bsWuting Iiom (9 51) to (9 57) in (9 12). (9 13), (9.H), (9 18). 

WO have 



... (9 51) 

^ dt^ dt^ 

.. (9 62) 

’ ^ (Zt dt 

... (9.68) 

{iiV = ^ 

„ (9.64) 

From (9 04), ViO have 


= 1 = 

(9 63) 

Honoe == , 

... (9.66) 

Similnily -f - 7-"(i)= ^ {f'(0-»"(0} 

.. (9.66) 


... (9.67) 


Again from (9 65) 




_ ^ 

di^ 


.. <9 08 ) 
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Lot now Go) G'. denote the four oouiroich of tlie parallel 

conYOx surface 
n,, at a distance 
t from O. Then 


i v%t) 

at 


ia a V e 0 

tor 

parallel to 

tho 

tangent at G" to 

tho como 


which 18 

tho 



lOOUB of G" 

Also 

18 tho vootor 
G"0' Tho ro 

H.r»Kowm u>0 tanKOnl to S» al Q”, 
aamo way tlio relation (0 65), aliowa tlmt U.o tangent at O to tho 
,paoo onlno S'", which la tho loons ol a», must pass through G . Again 
tho relation (9 68) shows, that tho vootors 

AL and 

aro ooplanar, But tho first f 

G" to S'", while tho other two vootors are GO and G G . Thus 
0 olLln piano at G" to r passes through G'. We may also 
late tho same thing by eay.ng that G' G» G" .s the oseulating plane to 

^'"rgleonsicler the three vootors X(0, and v«) dellntd by 

hi S n H ^ ^ . (971) 

~ „f) So'^h2Mo/4-4n'/“ 

fiom (9.B3) and (9 88), 

A ... (9 72) 

■" B 

where A e v„S„(»‘''-e-"')t + 2V.M,(r'-e-''')«. 

+47rVo(«’°— 
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4<ir 

B s (So•^•2Mo^+47r^*)(Vo + So^+Mo^’>+ -g^») 

v(^) s 3 + + I [q^Xt)-('i^''{t)} 

^t^r'{t)-T''{t)] 

_ 0 .. (9 73) 

D 

where C s 3VoSo(r" 

+12 7rVo(r“-r'")«* + 2MoSo(r'-'J’")^’ 
+47rSo(^'°-r")i“ 

and D s (Mo + 47rO(So+2Mo#+47rf“) 

Now the vector \(t) is a acalar multiple of the veotov G"Q'", fvnd 
hence (from what has been already proved) la parallel to the tangent- 
at &" to S" But for f — >-oo the point G" — >&“, whilo X(^)— ^ 
which is the vector G'G”. Tins shows that the oonio S" 
touohea the line %' at The relation (9 72) similarly shows that 
the line %' is a tangent to the space cubic 'S!" at GJ- Finally v(0 
18 coplanar with the vectors G"' G' and G" G', and is therefore parallel 
to the osculating plape at G'" to But for # ^oo, the point 
q."»__^G°, while v(G — Hence the vector G"G® is parallel 
to the osculating plane of at G®. As we have already shown G G® 
is a tangent to at G®, it follows that the osculating plane of T at 
G®^ coincides with the plane G®G^G^ which is the plane of the oonio ^ t 
Summing up our results w6 can say i — 

If Uia any regular analyha closed oonvee suiface, and if we comtruot 
{£ s&iies of convex surfaces parallel to G» then the 0a/ussian curvature 
cenkoid G® remains fixed, the locus of the mean curvature centroid is a 
line passing through G®i the locus of the surface centroid is a conio S 
toudhng the Urn %' at and the loms of the volume centroid is a 
rational space ouhio T touching %' aiG®, and having the plane of the 
come'^'as its osculating plane at G® If G®, G, G", G'" ha the four 
centroids for any of these surfaces, then the tangent at G^ to 'S!' passes 
through G', the tangent at G" to S"' passes through G", while the o«c«i!a^tnp 
pZo'rtC at &" to coincides with the plane G'G''G"', 


Bull, 04, Hath, Soo , Yol, XXVII, :C^os: 8 & 4 (1985), 
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A Eeductiok-itoemu];A por a he EuNcaioNs or the 
SECOND KIND CONNECTED WITH TIIl^ POLYNOillALS 

OE Applied Mathematics 

BY 

MAURIGK DU DuJjTAnBIj 
{HLainbotd) 

{Communicated hy iho Editonal Soorciaiy) 

i, hilioduoiory. 

In courBO of an luvoBtigation rogarclmg xnlatiug I have had 

ocoaBion to maho oonHicIorahlo uso of Logondro’s function of bho second 
kind, which, as* is woU known, may ho cxpi-ossod in iho foura 

Qn{z) - /-it')’ 

whore is liogondio's polynomial, and fn^x a polynomial of dogroo 
«— I Various oxprosBions of /h-i havo boon gi von, particularly in 
terms of Imgoudro’s polynomials of lower dogrocs ; hut T found that 
none was satisfactory m rognvd to tho practical computaUons T^hioh 
I had to perform. I tiled, thoioforo, to obtain iv auitiiblo form j and, 
introducing a polynomial Bh(«), of dogreo such that 

A„(r)l\(3) P 13«(2)1\'(2) s 1, 

wliero A, is a polynomial of dogroo a-2, J found tho following remark- 
able expression 

/.-.(A = 


Tho samo prooofls iillowod .no in a (imllni.' way lo oblain a Bimplo 
reduoUon-tormula too Lamo’s tunoHon ot tho nooond hind 1 thon 
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formed the idea of extending this method of the treatment of other 
functions, and the result of this investigation is the theme of tho 
piosont paper, 

2. The General Method 

Lot us consider a polynomial /«(z), of degree iiy satisfying the 
differential equation of tho second order 


<•(«) + 6(») 'MM + = 0 .. (E) 

where a, 6, c are polynomials. 

We shall assmne that the two following conditions are satisfied . 

1, All the roots of /^(z) are simple 
2 None of them is a root of aCs) 

We shall remark that these conditions are satisfied for nearly all 
the polynomials of Mathematical Physios 

We shall write 

g{z) 

A second solution of equation (B), known as iAio Junction of the second 
hind connected with oan be immediately written under Buler’s form • 


== fMj 


^ q{t) 

lUt)V 


dt, 


.(1) 


the lower limit of the integral being conveniently chosen 

We shall nosv introduce two polynomials A^{ 3 ) and B*(a), of degroos 
respectively lower than those otfj and/,, and such that 

^ + B,(«)/,'{8) si, (2) 

a property sometimes desoribed as Bezoiit^s Foimula, 

We oan then write, 
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Integrating by partsi and supposing that 
lower limit of the integral, we obtain 


A 


vanishes at the 


^ [( A,B/ B„(7' \ , 
MO fn 

Wo shall write the quantity between bi-aokets 


fn f.a ’ 


and try to find a new expression for it, 


From identity (2) wo have 


whonoo 


A, + D/ _ _ A / __ BJA 
/«' A/h' 


.. (3) 


Denoting now by /Aj, the roots o£A ’'ii 

the roots of/,/ wo have 


A-l - "s' A/(rJ 
"7r f7{vt W-V() 


njA ^ V s' -Jli'iuL- 

f *f » ‘“1 f n /«(l'()(5!”r< ) 


But from (3) 


Java ^/n(rO " 


0 , 


and BO 

A* + B/_ ^ i AO^OAVO 

7„ («i 7«^'‘'(/^0(2'~/^() ’ 


Now from (D) wo Iiavo 


20 


/nV<) ^ 

JAhi) ) 
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Tvhenoe 


^ MtMtjL, _i— 

i%a{lxi)f^’(fn)' z-fit 


We oan also write 


a/, <=i a(/j(- {)/,'(/«.« ‘=i a'(«<)/n(s<)(« “Si) 


where Si, Sj, are the roots of a(-') 

[We suppose heio that the degree of 6'^) is inferior or equal to 
the degree of a (^), which is generally the ease in the equations of 
Applied Mafchematios , we shall, however, see afterwards an ovainpio 
of the oontrary, introducing into this equality a constant term ] 

Wo thus obtain 


and, using the formula, we obtain for q, the required expression — 


q^{z) = _B,(z)flf(2) — /,(2f) 

We shall now discuss this result . — 


2 i lii 

1 = 1 a'(s{)/«(s<) J t— 


g{t)iU 

Si 


... (5) 


(а) Comparing this value of g* with the expiossion given by 
(1). we see that it contama w integrals instead of ono , but, firstly, 
these w integrals are similar m form , and seoondly, not oontalning 

they are far more simple than the integral in (1) 

(б) The polynomials of mathematioal physios are generally 

solutions of differential equations wheie a(i) and 6(/) are independunt 
of the degree it, which appears only in c(a) The m integrals in (5) aro 
therefore independent of » and appear in the expression of the func- 
tion g of any order So, if we can reduce g* to the w. functions 

?i) ?a •?»> our formula (6) will be a general I'eduotion -formula 
for We must note that the function go oannot ho introduced Ihex'o, 
for,/o being a constant, the polynomial Bo la nugatory," This reduction- 
formula seems to be speoially suitable for the numerical computations 
which often occur m harmonic analysis and allied questions. 
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(r) Wo atmll pvosontly ostablish a general loimula for tho B,’s 
which will bo of gioiifc help in simplifying our expression (5) 

Lot us suppose that the degree of b{i) < the degree of a(^), and 
Gonaidor again tlio oquality (4) Owing to the fact that 

= 1> 

it can bo wiitton 

M. - S ^n(s,)b(s,) ^ //(m.) 

af^ 1 = 1 a'(st)f^{8i){z~‘Si) < = i )U— /^i) ' 


Lot us multiply the two mombora by s and lot booorao infinite , 
observing now that 


fn'illi) 


= 0 , 


ns being the sum of tho rosiduos for tlio rational fraction 
obtain tlio iotj[ulrod formula 


1 

fW 


^ ^ n(8,)h{a^ ) „ . 


wo 


(d) Supposo now that wo havo to deal witli polynomials which 
are sohitions of a dilforontial oquatioii of the hyporgoomotrio typo ■ 
this IS a very important ease Wo aro lod to two integrals 5 bnt using 
tho pioooding formula, wo shaU rodiioo thorn to one integral only, 
indopondont of n and so tho Ciinotioii will bo roducod to qi> 

(c) It 18 not noooasary to roinark that tho polynomial 33 « («) is 
i-athor oasy to form ; it oan ho obtained from /*(«) by rational opora* 
tions only, tho knowlodgo of tlio roots of /«(«) la not roquirod In 
many cases, as wo ahall soo horoaftor, it is possiblo to form a re- 
mirronoo formula botwoon tho 33’s and /b, which will bo of groat holp 
lu obtaining roailily tho valuos of B„(sj) 

Wo shall illustrate this gonoral theory by various examples, ohoson 
as follows : 

1 a(s) 18 of dogroo 3 . Fiamo’s oq nation, 

2 a{i) is of dogroo 2 j and !>(«) of dogroo 1; Logoiidra’s 
equation and its oxtonsion. 

3 rt(c)' and jl)(3) aro oaoli of dogroo 1 1 Laguorro'a equation, 

4. rt(j) is of dogroo 0, 6(5) of dogroo 1 . JTormito’s oquatioii, 


m 
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3. Lamo's luncliom. 

We slia-ll not give here the details of the treatment of Lame’a 
functions of tlie second kind by the above method, as this development 
18 to appear elsewhere, together with its applioation to the theory 
of Poincare’s figures of equilibrium fo; a rotating mass of fiuid, Wo 
shall only state the following results , 

When Lame’s function of the first kind is a polynomial, i,o,, when 
n IB even, there is no difficulty at all, and the tuiiction of the second 
kind S„ Van readily be reduced to funptwns S of the first and the 
seoond order. 

When lb 13 odd, Lame’s function being no longer a polynomial, bub 
the product of a polynomial T, by an irrational factor, the method 
fails. However, it can be applied with certain modifiontionB , taking 
for and B„ the polynomials connected with T„ by Bezout’s formula, 
and introducing in the first course of the work, double roots for tho 
decomposition of rs-tional fraotions, a forronla analogona to tlio preced* 
ing though a little more complicated, can be obtained, wlnoli allows 
the reduction of to the two functions S of order 1 and 2 


4. T?io JSxtendod Logendie's Polynoimals, 


These funotiona studied by Gegenbauer, furnish us with a good 
example of our method. Let us first briefiy recall some of their 
properties ♦ 

The polynomial 0!J(a) is defined by the expc-nsion 
(1— 2aib + a»)‘^=: a*'Olf(z). 

nai 

It satisfies tho di:Serential equation 

{I— — (2r+l)s(y' + ti(2r+»)j/ =5 0* 


It can be expressed in terms of Gauss’s bypergeometrio function 
by the form^ula • 


0\{z) 


r(n4 2r) 


n, m + 2v, 


v+i ; 


1 — 2 ! 
2 


.) 


* For the properties, expansiona, recurrence formulae, etc,, of tho lunotioo 
the reader is referred to Whittaker and Watson, Modern Aqalysis, 823 Seo 
alao Appall and Lambert, Glenerahsation dea fonotioDs spherlques (Bdltioo Franoalsa 
cEe Fncyolopedie, ii, 8), 88? i 
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Ainongsb tho I'eourrenco formulae of fcliia funotion we shall uso fcho 
two following 

nO". = (« + ai'-l)«0'.,+(»''-l)ol, 


nzOl = (« + 2^-l)0’;.. + (i>-l)O''.. 


(I) 

(II) 


With 18 asBooiatod a funotion of tho socond kind, which wo 
will wnto as 

dt 


III = 0\{z) 






Tho gonoral method may bo applied without any dilliculty ,* wo 
shall introduce tho polynomials J3n(z) , and in this partioulor oaso 
formula (6) will bo written as 

b:( 1) ^ Q 

o';(i) o';(+i) 

In ol’dor to ovalunto J)l!{l)i wo sliall ostublioh tho loUowwg room'- 
ronoo formula i 

(,r+2v-l)Ol.(.)Di;(«) - + «•-! = 0. 

The demon atration is easy . wo liavo a polynomial of dogroo 2« ~ 2 } 
and wo shall prove lliat it has 2«— 1 roots, dw., the «—l roots ai, 

a, of Oli-jCs) and tho w roots of ot Bor a 

root ttj, it booomes 

— nO!!(a() + (a? "1) OLi(ai), 

Bineo « 1 ( 0 ^ 1 ) ~ 

It IB thorofoi’o Koro by roourronoo formula I. iTor a root ^ , it 
booomos 

{«+2v-l)Oi:.,(/3,) + (/3)-l)Olf iP,) 
whioli 18 zoro by II. Then, since 


our formula gives us 


r(H+2r) 

r(rt+l)X\2r)’ 
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But 0^(*'l bemg 2>/z, Bi(3) is~, bo 

kjv 

= r. 

B^,(l) ^ r(nH)r(2v) 

OUl) 2j/r(n+2j/; 

The general method, givoa us the following result 

H-'M - ^ (2^+l)r(n+:)r(2v) ( dl 

+ — 3vrc„+2v) ■ 

Two forms can then he proposed ; we can, as we have said, evpioss 
the above integral in terms of Ho(*)) and write 

These are two reduction formulae for H». 

For v=^, we have the ordinary Legendre's functions } the first 
formula becomes 

«"W = -f-z^>+ + ^QiW. 


As Qi(a) IS 
this can bo written 


V log -1, 


Q.W = + IP.(') log 

which IS the formula we spoke of at the begining of the paper, 

Professor Whittaker having suggested that the function might 
he put in the form of a determinant, I have found for the following 
expiession as a determinant with (n — 1) rows } 

(2v+l)a +(2r+l) 0 0 0 

^ 2 (2v+l)a 2v+2 0 0 

_ 1 0 3 {2i'4-6)a 2v+3 0 

2v(!l.+l).„(2v+„-l) 0. 0 4 (2v+8>2.+4 


Ml 


««• 


• M 
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This expression inoludos as a particular case, the determinantal 
form for tho funotxon B„ oonnorted with Logondio’s polynomials. 

6 Laguono's Polynomials 
Tho polynomial L„ of Lagnerio * is defined by 

+ (5+1)L„'(s) — «Tj„,(2) =5 0 

Tlio funotion of the socoiid kind coimoototl with this polynomial is 



Wo do not develop tins ease, wlnoh is oxfromoly siniplo A 
roourronco formula can readily 1)0 obliainod between tho B’a and li’a, 

1 

it may bo proved that Tj„(s)“wI, and B»(0)=~| I find we obtain 
whore 7r„„i(*) is tho polynomial 

and it may bo noted that (if) IS nothing else then tho well-known 
logarithmio integral funotion, hiz), 

G. JTe? mito*s Polynomial t or tho ParahoUo Oylindor Junction when 
n is an tntogm , 

The ParaboUo Oylindor t funotion vvlien n is an integer, degenerates 
into tho product of an exponential and a polynomial 5 

U* IB Ilormiio’fl polynomial, which satisfies Ihe equation 

= 0 

* Lagiiorro, Oouvroa, T, 428, Appoll and Iinniboit, op, oU , Q80. These poly- 
nomials oaii bo oxprossod m lormo of tbo oonfluent bypergoomofcrlo funotion 
t Wlubtakor, l?roo, Loutl, Math. Soo,, Arch. Milne, op, Ofl,, 
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A second aoltttion Is givfen by 

' 

We almll consider only fhe case when n is an even number Then 
XJ„(0;=1, Bn( 0)=O, and it may be proved tliAb 

w(w-“l)'Un-8(‘^)® "{2^ ”” —0 = 0. 

Now if we proceed with the general method, we shall have to 

isB (z^ 

consider the decomposition of the rational factor j and a constant 

term must be introduced In that case, we are let to write 


A«+B/ 

U, 


Un 


= K 


ti> 


K,==: 


hm 2B«(2) 

u,(0) * 


Tho reourronco formula between B and U may bo u^ed to ptfoVO 
that 



and finally we write 

V.(.) = +iu.WVo(«). 

A second solution of the diiferential equation of the parabolic 
cylinder when n is an even number can then be written 

0’ 1 

A»(3) = — B„(it)e’^ + ^B,(2 )Ao(2) 

The functions Vo or A® may be reduced, by a sliglit change of variable 
to the error "function 

These examples will suffice to show how this general method must 
be used for the laduobion of functions of the second kind. 

Other functions to which a similar treatment may be applied arc 
the Jacobean polynomials which 6an be written F(—», a+w 5 

11,0) and confluent hypergeometrio function Wfc,„,(z) when m~h is 
of the form n+i, being an integer. 


Bull, Oal. Math. Soo , Vol. XXVIT, NoS. 3 jfe 4 (1935). 
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Note on the stability of a thin pirate under edge 

TURUST, BUCKLING BFJNG RESISTED BY A RilALL 
FORCE VARYING AS THE DISPLACEMENT 

BY 

B, SlilN 

1 h\ti odnction and llm statomanl nf jnobUm 

Tlio problem of sl-abihby ol n, Lhin plato undor iimCorm oclgo bbruHt 
was first solved by Q- IT Bryan * Since tlioL biiokluiy; iiudoi’ diltoroni 
conditions lias boon considered by several invoHtigaiors, | On aocoimt 
o£ the physicnl importance of tlio problem, it is thought closirablo to 
consider the stability of a thm plate under unirorm edge thrust when 
biioklmg IS resisted by a small force proportional to tlio displaeomoiit. 

Wo assume 

the thioknosB of tbo plate 
the oclgo thrust per unit of longtln 
tho small dolloction of tho plate 
tho flexural rigidity of tho plato=D 
and tho resistance per unit of area 

Then tho equation of equilibrium in tlio slightly dollootod position 

18 

D V 1 + 2/iB V cw, 

or V 4* /i!* V *** (1'2) 


==2/iP, 

- 2 W 

... ( 1 . 1 ) 


* Proteodingfl of the London MallioinatioftI Sooioiy (Soi. 1), Vol. 03 (IflOl), p. Di, 
\ ' Tbo MttthojiiQlioal Thooiy of Blaatioity,* l>y A E. If Love, 4th edition, p. 688 

2i 
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wliere 


and 


V78>- 9 ’ X 0 ® - 9 ' X 1 9.1 ^ 

* 01® 0^® 07® r 07 7® 00®’ 

2/iP 

/.•=-5-, 

\®=p (a amall quantity) 


( 13 ) 


2 A ctrctilm plate with clamped edge 

It IS difficult to obtain diicotly tbe genoial solution of tho equation 

(2 1) 

in polar co-ordinates Hovrever, paitieular values of w satisfying Uio 
equation can be obtained in an indirect manner Wo assume as tlie 
solution of (2.1) 

t2 2) 

where Jq is the Bessel’s function of the fiist kind and zero order and 
A IS a oonstaut 

Since 

— jW.®7y, 

and V 

we obtain from (2 1) 

(/ji* — ft® ju,® 4- \® )«)=0 

or (/i.*'~ft^/*® + \®)=:0 ... (2,3) 

By hypothesis, X® is very small end hence we can aseutne 

ft*>4X® ... (2.4) 

Then two leal values and of p can be taken as 


■ ... (2 6 ) 

the positive sign only being taken before the braokota as the values 
of Bessel’s functions aie the same whether the argument is positive or 
negative 
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Thoroforo wo find iliat a solution of (2.1) can bo put as 

... (2fi) 


A and B being constants 

Tho boundaiy conditions foi a damped odgo aie 

w~0 and =0 when i ... (2.7) 

Those conditions givo 


and 


AJn(/A,rt) + BJo(Ma«) = 0, 
A/AiJ'n/'^ia)4'B^atT'o(/aafl)=0 


Smoo 


wo Imvo on oliminating A and B from tho above 


Lot /Xjftss/S and ss:(;(<l), 


then 


fx\ 


Tho equation (2 8 ) now bocomos 

Ji()8)Jo((?i3)-~5,Ti(7j9)J„(i3)==0. 


... (2 8 ) 


... (2.9) 

... ( 2 . 10 ) 


Substituting tho valuo of q obtainod in (2.9) in tho abovo oquation, 
wo got an equation in /?, tho roots of whidi givo tlio poasiblo valuos 
of and honoo of P producing doflootion, If X bo very small, wo Imvo 

qcz also a small quantity. 

/*i 

Wo can ihon assumo for niodorato valuos of to bo so small 
that tho torma containing highor powers of 5/3 tlian tho socond may 
bo neglootod 

Writing down tho approximate valuos of . 10 ^ 5 / 3 ) and ,(,( 5 ^), wo 
got tho equation {2 10 ) in tho form 


/(;8)=,T,(/3) - ‘I'J. l/3J>W + 2J„(/3)1=0 


... (2U) 


100 


B. SEN 


Wg find from the table that when /3=3 8817... 

Jj(/3)=0 and a negative quantity. 

Honco for this value of /(/3) is positive, 

Again when ^=5 5200.,., we have 

iTo(^)=0 and a negative quantity, 

incQ ~2*~ hypothesis, a small quantity less than unity, 

f(/S) IS now negative 

This shows that the deflection la possible foi’ some value of 
ft (that IS, fx^a) > 3 8317, .. 

We have from (2 5) A® >/x,? 

whence we derive that this deflection is produoed only when 
2;iP 


D 


> {3 8317)»... 


^.e, when2/tP > (3*8317 

a® 

3. A “iectangular plate with supported edges 


(212) 


The boundary conditions for a rectangular plate with supported 
edges can be written as 

w=0, along the edges, 

0 *JW 0 3-y) 

0^ along the sides (d= 0, and 

Q j 0 9^ ^ 

and y=6 (8.1) 

All these conditions are satisfied if we take 


sin^" eiu^y 
. a b 


( 3 . 2 ) 


provided w and n are integers, 
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Tins ovpi’oasion for w will also satisfy 

C 1 . 2 ) if 


tli0 dilforontial equation 


or if 


L n"- + — I 


f .I. i»V 



0 , 



7 H’' 7 r* 

a'‘ 


+ -p- 


X 



m* 7 r“ 

ft* 


+ 


71 



(3 3) 


IToncn in oi ilor tlial Hio rtolloclion may bo po?aiblo, J.* ranat bo equal 
to or^^i’onlor than 2X. 

Tluit IS, 

/iP S Ol.* ^ ^ cl), gj 

4 A 'iccfnngnUu plato used as a shut 

In LIuh oaso, wo (aKo Mio onpfm at tho micldlo point of one of tlio 
nidoB and HUjiposo that this odgo and that parallol to it aro supported 
wlnlo tho nf.hm* two odpfos aro froo. I'ho longbh of each of tho former 
pair 18 falcon b and that of oaoh of tho othor pair ft. We further 
(VBBumo that tlioro aro no thrusts on tlio sidos whioh aro freo. 

Tho equation (12) in tho prosont base roducoa to 


Oft'* 


M. (4.1) 


Tho boundary oonditioiis aro 


iy= 0 , 


9 *U} 
9 tu' 


“h tr 



when .i!=0 and ir^ft, 




m 


d" w 


+ {/ 


0 ‘iw 
'6 a* 


t=() 


d / 6 
6 y \ 



s:0 


' 

when y = 

1 



... (4.3) 
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Tli 0 condition & (4 2) aro Batisficd if ivo take 
sin 

a 

V being a fiinotion of y and m an integer 

Substituting tins value of w in we get 


M (4 4) 


8 _2w*w* 

0j/* a* 


9 *^ j- V — r 

^ = L 



(say) . 


(4.5) 


where 






(4,8) 


To solve tho equation (4 5), we put 

V=Aoosli(/i/ ... (4.7) 

Then from (4 5), we have 



from which wo obtain four roots of the form +ji, satisfying the 
equations 




_:a*, and 
ffS""-TT- = — a®* 




(4.8) 


For satisfying the conditions (4.3), wo take the symmetriGal 
solution 


V=:A cosh QiIZ+B cosh q^y. 
Then the boundary conditions give 


... (4.9) 


A oosh -?!L^J+Booahi^|^}» - 2:^^’J=o (4,10) 
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Eliminating A and B, wo obtain willi Urn help of tlio relation {4 8) 

5®] 

r 0-7r®W® a ”] , , , , 

— 5® J ••• (4 12) 


Thia equation, togothor with iho rolatioii 


4„27r®w® 

5i- 


will givo the valuoa of a and h satisfying tlio bouiidai'y conditions and 
the rGquii’od difforontial equations, 

Let US write 


yC?s)=Ji[(2-<^) “3|i j taiib 

™gS] tanh } g^b. 


<«« 


(4.13) 


When 7a =0, wo find tliat/C^j) is nogalivo, and whon 

a® 

/{?*) IS positive. 

Honco tho equation (4,13) is satisfied for some value of ql lying 
between 0 and For dollootion to bo posaiblo for this vnluo 


gS < 




M., 

«“ a* ' 


t 0., 


a* > (l-a) 


a* 


I 



1C4 

B, SEN 1 

Z C,j 

a* 

i e , 

1.H s. /-t \4 X*a® 

fc* > (!-<.)• 


Q 

> +2X(l-<r). ... (411) 

L a Trm J 

Hence unless /c® be gi’oater tbfin 2\{l-“(r), tlioro cannot be any 
deflection, for the value of q\ lying between the abovomontioned 

limit a 


Since 

gr® > 0, wo have 


a‘ 


> -X*. 

a* 

Henco 

< J^+ ... (116) 

Bull Oal. Matli Boo., Vol. XXVII, No. 3 & 4 (1985) 


- 
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On Infinite Integrals of Bessel Eonotions 
N. G Shabdi] 

{Nagptn), 

IntmlucUon • — Somo infinito izitogi’filfl xiivoWmg a priulnc^ of RorhoI 
lunotiona in tho integi'nncl Imvo boon rooonl.ly ovaliiaLoil by Wal-aon,* * * § 
J 3 aioly,t RicoJ and oLhors § Tho objoot of Uus no to ih to obtain ooi'tain 
moi’o general intograls of tho namo typo Wo also note a pavtioiilar 
oaBO of a M0 ij 01'’8 roaultH giving an intogral ovprosaioii in tornia of 
Bossol funotiona for aprocluot of two functions 


§X. 

Wo talco tho following expansion given by 'Baioly'lf ;* 


( 1 . 1 ) \ 


/ 1 \/i'—/A — V 


S (/(! + 2rt)r(/.4*«) r / V 


fM 


+ g+X} j a®, b“]. 


* Journal London Math, SomtyiQ, Pintl, IC, "An infinito nitoiiriil involvniK 
Beesol funotiona " 

t (i) Proo. Lotidoa Math, Soo , (Sorloa 2), 40, /)?’; "Somo iiiflinlto mtograla 
involving Bosaol fimctiona," 2'lna pnpor will bo roforrod to na 13 X 

(tt) Joiiriifll London Math 8oo,, 11, Pnrb1,Uflt "Romo infinito inlogniltt 
Involving Boasol funotiona (II) " This will bo loforrtnl to no II 3 

t Qiiartorfi/ Joinnnf of Math, (Oxford oorioa), 0, G'J, "On oontour intogriilH 
for tbo produot of two Boaaol funotiona " 

§ (0 Jotiriwf of the Indian Math Soo , (Now aorioa), It Jiff} "On Hoino intogrivla 
Involving Boaaol funotiona," by M. Xiautl Din and N, 0. filmbilo. 

(») JProo London Math, Soo„ (docioB 40, It "fnlogralodinatolliingon iuih 
derTlioono dor Boaaclaolion Funktionon," by 0. S Moi]or. 

(ill) Qiiartorli/ Journal of Afnfb/ (Oxfoid aoiioa), G, Hilt " Elnigo Intogmlo- 
daratellungon ftlr ihodukto von Wliittalcorfloboii F’uiiktionon," by 0, Meijor, 
Thla will bo roforrod to aa M. 
il Soo M, m. 

1! Qiiorforiy Journal of Math, (Oxford Sonoo), 0, XWl} " Boino oxpiinaicniH of 
Boaaol funotiona involving Appall' a funotion F,.'* Tiio fonnuhi quolod ia (0,1). 

22 
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To verify tlmfc this expunsion is uniformly oonvergenfc in 3 wo obtain 
a Icnown integral by term -wise integration of (1,1) 

Multiply (1 1) by and integiato both the sides from 0 to oo 

witli respect to z Wo got 


(1 2 ) J J^(a 3 )Jv( 6 z)JK(r^)t^? 

0 

- s ff r „ ,.4.Lv+l . a^tM 

r(/x+l)r(r+l I «=o n\ 



3 


The left-hand siclo of (1.2) becomes by P 1, formula ^8 2), equal to 


(1.8) 


c'<r(;Li+l)r(v + l) 


Tho right hand side 

{r(K-w)}»21?,{tt+l,a} K+2n+l, L}.(K.h2n) 

= S 

o'''^^’’rCK+2a+l)rci-«) n\ 

by means of a formula of Sonine and Sohofheitlm* is equal to (1.8) as 
all terms of the series except the first vanish because of tho prosonoo 
of r(l—w) in the denominator. 


The expansion in (1 1) being, thus, uniformly oonvergoni, tbo term 
>viae-integrabion in the following articles is austifiod. 


f B^e ’WafcBon'a Thaoiy qf Bessel functions, lfl22, dOi, formula 2 
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To evaluate 


§ 2 , 


0 

I 0 1 >1 and R(X+k) > 0 
]?iom (1.1) W 0 have 

(21) J 0-^^ 

0 

j^v (« + 2)0r(«+n)T, r 

“ ~' r(f.+l)r(v + I) i. I’i[->M+«,;.+ V+l,a«,6>] 


»! 




(iV « (w + 2 } 0 r(K + »)„ r ^ . , 1 , ^ « 7,1 

= r (7+ i ) r ( v + i ).?« I '^+1' •'+1 . ‘•*.^’1 


r(\+«+ 2 ).). 2 ir,[ 


K "h \ 4 * 2 rt 1 "• X *f* K "f* 2 h 


2 


2 


,k + 2 » + 1 , 3 ^±,] 


( 2 . 2 ) pi,{al)SympWhWi''" dt 

0 ^ 

® t 

li'^[--n, p-fw j p.'f'lj v+l; 6 *] 


a/^ 5’' (p+2n)r(p+«) 

X °^^{'i(' <'+'2p+2n+X)} 

^K^ap+M r(p + l)r(p+ 2 ?i + ]) fil-'i(«4*2p+2ij;^^ 

xl?*r •i(K+2p+2ji— X), 1 ^(k42p 4‘2»+X) ; p + 2» (-1 ; p + l,~ , ^-1 
U Q* g J 

by moans of Bl, p. 1-5 , formula (7.1). 

In (2.2), 0 > 0+1, 11{k) < -J ami H (2p + /<4X) > 0. 


** This integral oau be i)vnUmtotl by moftne ot (0), flSS of Wateon’e Tlio&ry 
of Beosol fuQotions 
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§3 

Tho following integrals can also bo similarly ovaliiatod. Wo only 
write tliB final value in each caso. 


(3 1) 

o 


= » (fc+2»)r(/u+«) 

^^)u,^-l)^^.v+l)M=o n\ 


^i[— «) /t + Wj /Jt+lj v+l, 6“] 


^ gl^{K-^ + T + K + 2ft--p))r{-g(X + T + K + 2w + /))} 

■2(^ + T + K + 2ft — p), •J-(X + K + T + 2ft + p),T+l)«+2n-J-l, — 1 

L- C* V iJ 


where ^(l + fc+X+T) > |El(p)l and each of the numbers 

R(o4;»4;%) ptsiiive 


C3.2) pijLiat)3v{U)Kp(ct), t'"' 

0 

>K~u~r-X-i _P-> V 


2K~p.--r-A-i^/XjV „ (ft + 2 w)r(Aj + «) ^ r 7 , . . 1 

= rt;>+i)r^v+i) ' »!„ '>+«, />+!. v+l, <.’,&■] 


, I' 2w*— X+pd" I)}!' 4" 2w~-X— ’P'-b 1)} 

(jA+in-X+i r(fc4-2»+l) 


X F[-l'{X+2tt— X+pd- l)j 4(^^4‘2«'““X— p+1)) (/c+2w4'l)) 


(3.3) e 


-1 ~pH^ 


dt 


= b*'. I (^ + 2w)r{X+|(^+»)} 

r(p,4- i)r(v4- 1) )iao (^j+w) w!j)X 
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wlioro E;(/i!+\) > 0 and lai'gpj < ^ . 

<L 


(3.4) y 


dt 


jV^gK-^-v „ ^ r 1 , . , -. .1 <, 

~ — S -rr~: — r — i fi'+w, m+]j j' + Ij n*J 

r(/ii+l)r(v+l) n=o {Je-i-n) n\ ’ ir > > i j 

p/* K + « + \ + T 

I 2 / 


gK+W+TjpKTn+T+A. 


31f 


, r K + li+T + l « + 1» + T + 2 « + «+T+\ , , . ^ 

••[ 2 ' 2 ’ a '‘-■fMfiiTri, J 

^4,4*?J + T + 1»~“'~; I 
P -J 


r(T+i) 

wliQi’o R(t4‘^+1) >■ 0. 

(3.6) 

0 

a/^ t*'. 2'^“/^"^“^ S (;.+2w)r(/^+«) Til / .1 

r(/A+l)r(V+l) ««0 «! » r- I r > / 

r(T4* I)!* Ji) *4^ 

x2F. ( ttill— , ’■r^_■r^'^t«i±L i T+1, 0* ) 

if 0<c<l and 

= ]?.[-»,;<+», /t+i,v+i,««, 6«] 

r(/A+i)r(v+i) «Bo «! » r .j 


r{4T+^(/i +n) \ ^ 


T+/f4*»^—X + l 
"■2 


,/c+w*-’\“-r4'l|/(i4'^t4*lj ^ 




if 0>1 



l70 


N a. BItABDiJ 


§4 

Smoe 

(4.1) h,,{x)V{l^n) = W„,^(2») 

wo have after aotfcuig m=^ and /c=n in (3) and (1) of M, 

(4.2) ' 


+yi( V'2av) Bin mrjvclv 
wljiGre 0 < » < + 1 and 


(43) 


an\ 



{r(l+n)}*r(l-n)r(^=^ (2W '^^)vdv 

where 0>w>— ^ 


Bull. Oal Math Soc , Vol XXVII, Nos 3 & 4 (1935). 
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The Throiiy op thh ExTENaiONAL Viuhation op a 

BAR EXCITED BY TTH3 LONaiTDDINAL IMPACT AT Til 1*1 
FIXED 73NI), THE OTlIER I5T^D BIOING FREE 

BY 

M Onosir and 3. 0 Drau 


Tho pi’oblom of fclio oxtonsional vibrations of iv bar, Uxod at ono 
oncl and froo at tho other and ovoitod by tho lonp;itudinal impaot of 
a hard load at Ihofion or tho Jiml ond was sfudiod by "noussuiosfi * 
following St Vonants' niothod of ‘variation of intogration constant.’ 
In 80 doing, ho divided tho poriod of duration into a soriow of equal 
intervals, oaoh being equal to tho tune fcabon by tho longitudinal wave 
to travel from tho struck ond and back. 'J’lio method oonsists in 
evaluating tho unknown fii notion by solving tho I'lqiiation promotrico 
thoobstinaoy of whioh inoroasoa with intorvals, 

It IS found that tho duration of contact, whoii tho load atrilcoB 
at tho f'ioo ond, doponds on tlio mass-ratio of tho bar and tliO load 
But la tho prosont oaso, it is oqiial to tlio poinod of tho fiitidamoiital 
tono 

In a rooont paper, 1' ono of tho aiitliors has ovitondod tho problom 
to tho oaso of an olastio load, striking at tho fioa ond of tho rod, and 


* Boimnincsq, Appljcntlon iloa polonlinl. Lovo’a Eliisilcily, TJiird EiliUon, Art 
I 4il 

t GliOBb, Bull Oivl. Math Soo , 27, ISO (1085), 

f^oil. f. Angw, Math Moo,, 14, 71 70 (loai) 

Tiid. Pliy Math. Jour., 3, 7li 70 (I0J3.J), 
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has mado an improvement on the method of solving the problem. 
General expressions for any interval have been dediiood. 

In the present paper we study the ease, when the elastic load 
strikes at the fued following the method adopted in the previous 

paper. It is found that, the duration of oontaot without being 
constant, changes with the elastic constant of the load. 

The differential equation of the extensional vibration of the rod is 


6 ^10 __ 

9 ^“ ‘ 


( 1 ) 


where, ‘w’ is the longitudinal displacement of the bar, ‘s’ the distance 
measured from the free end, the time measured foim the beginning 
of the impact, 'o» the velocity of longitudinal wave propagation along 
the bar and is given by o* ‘W being the Young’s modulus of 

the material of the bar, *p,* its mass density and a the cross section 

The terminal condition at s=0 is =0 for all values of t. and 

os 

at fi=5?, the terminal condition is the equation of motion of the striking 
body, 

Since the pressure exerted by the load obeys Hooke’s law, the 
equation of motion of the striking body of mass M is given by 


= -'f. (2) 

where, V la the elaatio oonstant the displaoomont of the oontro 
of gravity of the load, and is given by 

$ being the compression of the load. 

The solution of the equation (1) is of the foimi 
to = I’(c^~s)+^^(o^+s), 
where B* and i/f indicate two arbitrary functions. 


TIIROTJY OP rilP PATI'iNSIONAT; VIHUATION OI'’ A tIAll 


!7I) 


From thft tornunal oonditioii ^ ^ 0 tt( ~~ 0, (lio uquiUinn {-'!) cun 

bo wntton us 

w “ F(-/-s' l-F0/^ . (L) 

Noiv, from (2) iind (^1), no !nis’'(‘, 

-X{F'(r/ -./)-F'(oM /)} . (b) 

n’hoi’o, X=:1 'vh/c 

Ilonro ilio nqimttmi (2) bncfunos 

K^(:)+ , i''''0 - - 't i'’"{c -yo 

A j\lf ’ A 

+if'"(),-iio+ 1 ‘■ii) I '10 . (II) 

n. Al (’ 

n))oio, ^ sluinls Ini if\-l 

Tlio infct'^rul nl flm nq (II) ih uhvuyn ol' iJin Ini'iu 


r(£) = if"(c-i3/i I- 1-” I (:-■'() 

^ Jv>) 

whoro q nnd p aio Uui vntih nf Uio (i((iiatinn 


... (7) 


A ' m',.. 


II, 


and ai*o fifivon 1>\ 


' I a/ ^ 

yi'lri ' a 


[q,p\ -- - 

wiuMi 

V'iU - I 

^3 


... {^) 


O') 
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ns ra-m - 1 

vanisbos, foi!^ 2J) is known m the inieival 5Z>^>3Z 

■Row ftoni fclio initial conclition, i c , at i=0, ^=0 anil z =V, cq, (9) 
becoinos 

no = - }, ... (10) 

cp 

wlioro p = 

Duung tho intorval bl>^>Sl, wo liavo fiom (10), 

r(i:-2o = _ Y ... (11) 

Cp 

Now from the condition of continuity of ^ and ?, at ci=2Z, oq (7) 
with tho help of oq., (H), bccomos 

E'(0 = P'a) in oq + + 

_^2-i9»-2)3j(C-30^e(^”^^)] . (12) 

In a aimilar manner F'(Q for higher intervals can bo oalculatoil 

F(0 oiin be easily obtained by integrating F'(^), and tho constant 
of integration is to bo found from the condition tliat thoro is no siiddon 
change in V(C) at s=I at tho beginning of each intorval. 

Prom e(js, (2) and (5), the preaaiue exerted by tho load, is 

P = -PftCP'CC -P'iS-2i)] ... (13) 

So from oq (10) tho pressure during the intorval, 3/>f>/, is 
given by 


p _ p'Vo /„««< 


cf^‘) 


( 14 ) 


ft'* S}t^"“2J) does not occur duiing this interval, 



T1 lliOKY ( )!'' TI IK 13 YT K N S I ( ) NA L V I M llA I'H ) N ( ) 1' AMAH Ho 

U’lom oq (12), (l.l) boconicH foi* tlio iiiicvviil 5/ ><,>.{/ 

P. =P. .„or,,(lh- 

Now wlioio € IS lai^^u coinpiULsil wiLli I'l, wo Inuo Imm (S; 


q = 





J'i(’ 


J 


(i<') 


whoro i>r , oqniU In tlio uiUn nt Mtn niasH nf Mio bnul h» lluM, 

of 11)0 bai’ 


In tho oaso of Uio ngnl lotul, t f , c - oo, in nqn ( 10 ) aiol ( IJJ ) 
anti iho pvossnvo P, ami 1 ’, ns f^ivnn in oqs ( 1 1 ) Jiml ( Ift), l)*ioninn 
ulonfcical with tlioso obLainuil by JiouHHuiosq, 

From oq (8), g ami jo bni’onu) linnfjfluiii’y wlioii • f * 'vlnni 

tho liammor is hf^ht ami soft, ami oiiu Iio wiiUini ivs 


7“/;-) ir, 

tV, 


(17) 


wboi'o, 


c 



IIoiicjo wo Imvo, 


(IN 




pVo 

\v 


HIM t't7, 


tu») 


=; P, 111 oq (20) 


,iVc 

\h'* 




I 20 


X fill) 



2i--(air»/' Vhim 

»' J UKu 


,, (Sm) 
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J)m alien of coniact 


Thu duiivfciou confcaut <h is usually dulinud as Uiu posilivo loufcut 

k Lho prassuip luutXioii oqualod to -soro 

Tlio piossuiG toiininaLos dm nig the 
lirsl luioival, only whou q and p mo 


1 Ilia g null y and ih givon by = 

Tins iH Lhu luwusfc posifcivo root of 
tho oq oquafcod to zeio In all 
othoi cases tlio picHsino toinnnutos 
at liighei upoolis doponding on tho 
elastic constant and tho mass ratio of 
the load and tlio bai 
It IS easily seen fiom tho above 
pi ess me equation that, in tho case ol 
a haid load, the diiiatioii of contact 
IS constant and IS ecpial to 2//o At 
tho pressiiie takes a sudden 
jump b) /iVc 1) it tboii falls 
exponontiallj In otbei cases (ligs 
2, B,) tbe piessmo contiiniously in- 
Cl eases, attains a inaximiiiu value and 
til on gradually falls to /oio The 
time at ^111011 pi essuro falls to koio, 
depends mainly upon tho olastu 
constant e of tho load Tho adjoining 
eiuvos (iigs 1 to 3) have boon diawii 
by taking a coiioioto case oi collision, 
to illufltiato tho till e 6 typical cases 
of impact It IS qiiiLo oloar from tho 
curves that in tho case of olaslic 
load tho duration oi oontaot is always 
gioatei than 21 jo oxoopb whon tho 
load 18 light and soft in which 




M=1U0 graa 
P=85gm , 


QB , dy/cin’ , 

, « = 1 , V^SO ‘Jin/acc 
^==10 cm a 

6-=oo, (hard load) 

/-n 1 6 . 4 Eb 

Ea^Mo“ 

e/B-01, e/E«<4Ea/Mc» 


case the dnvation of contact is loss than 21 jc 


Bull Oal Math Boo, Vol XXVII, Nos, d &, I (19d5) 



A NOrii ON TIIK VIHRATIONH ON A OIUOULAU RING 

IJY 

8 Giiosii 


'riiu huo Vihrations oE ii rod wlm-li, ui Lliu imsU’ossoa staLo, foi'ins 
a ciUMihir jiavo boon disciissod fully l)y ho voial wiitois* after 

fcliu 'bid-atoiy luorbia*' tonns have boon no<,di'ctod iiom the equations 
of motion 'riitj iH'tuntiDii nC thoso toiiiiB, intioiliiooH no groat ooiuplica- 
tnniH m (hn piobloni and altlumgli tlio eoi’i-ootum to bo applied 
to tlio ]smi()d of VLbmtious of I’liigs of orduiaiy dimensions, is 
iimppromabUi fui tliu gvavor modes, it is noveitlieloss as impoitant 
iiM Poohlmimuon’H eonotjtion to the poiiod of vdirabums of straight 
luu’M Tbo proHout iioto ta intondod for tho oxamination of this 
iMiiiortiiin (i) tho ]ioiiod of vibration, duo to rotatory inertia, and 
it iH found that, as tho iiiimboi of wave Imigtlis in the eii cumfeienco 
inoruaHOH, thm ooiiootioii luoruasoH in impoituieo ui the (loxural 
vibrutions, wlulo it is Hinall and romams piaetieally stationary foi 
Uu'Hiuniil vibLiituiiiH 

If 0 bo tbo ladius of tliu cross suction oi tlui i ing and a that ot its 
uuiitiul line, tho equations of luoLiuu ate| 


0 N 

do 


+ T 


aN' 

QO 


aT 

00 




5=r via 


ma 


= via 


dt* ' 


a *v 
0 f» ' 



) 


a) 


* Noi full roloioncQ, hco Tjovo’o Uliietloity (dth oil ), pp 451-64 
t Isive, loo, nt , p. 4151 
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s cmosu 


^ +ll-Wa 
do 


— — 


dt^dO ’ 


= ( 


imsh-)! 


... m 




wl) Ol’O 


4a> V 


n-' ~ 

'ia^ \ 9 1? 


, Qjt’ 

P w 


11 „ ( 0ti , 

do r 


tliD symbols having tlioir usual meanings. 

The condition for inoxfconsibility of the ring is 


Floxwal mbtations %n the piano of tho ring. 

Eliminating T and u from the fiist and third equations of (1) and 
equation (4), ivo have 

^ ^-w) ,.,(6) 

Q0> ^ \ 0^» / 

Also from the second equation of (2) and the Hooond equation of 
(3) and equation A)> wo have 

N - --llii r ^ 'l 91 f Alii +„V ... ,e\ 

" ~ I, a9‘ as’ J ia 0«’ V ae* ^ ^ > 



A NOTE ON Tin? VlHEATKlNS 01 A ('IIlCt>r,AI{ IHNU 


Substituiuig from (6) in (5), -wo got 


Jgirc^ { 
4 a® \ 


+ 2 9 -'" + 9 ’"’ 

" rv /I I ' rN /J« 


V’ do^ I V ' 


dO^ } ■ in a^'' \ 

Assuming UiaL 

w = AV 

wlioi’o n 18 an intogor, wo liavo 


; 




4 jna ‘ 
wluoli gives 


I'iTTC''' — 1 )'' 


ft a. 1 

I ^ ^ ‘ n® ! I n’ 


Noglooting wo got Ilnpim’H ri'iKimuii'V nip ml inn 

1 I'lw'o’' »/*(»" “I)' 

"" ‘hint* n"-!-! 


Tlio olTodt of rnliitniy inoiliia m l.lintornro (u iiinioinin (lio 
(271 jp) of vilu'atinn of Lliu ring tii tlio iiUio 

' n«*fl 'a'' 

NowiiHilio fraoUoii (n* pi) noiitiimnlly inonmm.n nilli u, 

it follows UiiiIj Llu) onool, liui'omim moi ij iiiul iiini'o nnirkinl lu »» 

Tho following tiililu givow l,lio nioininonf per miiif in tlm |»«ii.m| nf 
vibration of iv ring for wliioli o}n 1 / 1 (J 




1 


a 

H 

} 1. I 

j 

i ] 



I'or tho giavor moilos, tho (’ortoohnn ih inmrly iiisnii'^ilil.., tml n 
bocomos apinooiablo as n uioiousoh. 
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Floxi»al vibiatiom at mjlit angles to the plane of the nng, 

Blimiuiifcing N' bofcwooii tho socontl equation of (1) ami Iho fits fc 
equation of (2) and thou substituting fui' G- and H fiom (3), wo got 

F-BLf'a 4. ( Pis + 

'twa*' \ 5d* / 2mra'^ \ 6^' 06'" / 

= !!l (11) 

06 ® V ‘ 0 d® y “ ^ ^ 

Substituting from (3) in tho last equation of (2) wo have 

( aB~ ( §^4. a P-IP \ 

Inm*^ \ QO^ ) 2via* \ 00® 00* / 


^ 4 C a ^ 


■’ a® 06® 

Assuming that 

V = Yo^M+pO, rt/3 = + 

wlioro V IS an integer, we get 



»B + 

r a* + 

n*-| 


liHlft*^)® Y 

Y=0 


\ K / 


L J'i 


^ 4 ft® J\ 

Eire ‘ / . 

J 








1 



.1 ^ 
^ ft® 

f dj»a*y) 
\ Eire* 

-)] 


v=^o 

! 

j 


Eliminating B : V between the equations (13), 

wo got tho fi'oqnoiipy 

equation as 









3 

a® 

= + 

^n® 

E 


4inft'’p® 

, Eire ^ 

)] 



x[ 

l + %)>3- 

-1 
^ ft® 

/ 4mft*p® \ ”1 

V Biro^ " ; J 


«•» 

(14) 


Simplifying the equation and using tho i elation ]3/2/x=:l +«', wo got 
n®(7j®-l)® 

( ^ ^ \ rt® A ®7l»+l + fra® I Ettu* )\\ IW ) 

+ V(„.+i+™-)^.(i^) .. (w, 
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I£ wo iiogloot c'la\ wo got Mloholl’s freqiionoy aquation 


— 1)2 


.. (16) 


too flo'oiral vibrations at iiglit niiglos to llio piano oC tlio ring 

If in tho lornis containing o*/«' as a factor, wo subst.Liilo for 
appioximafco valuo, wo f?ot ^ 

0.> + l + o-)('V>l) = 

+ ^ (1 +«■)»”(«* —1)® _ 1 «UK®-hl+o-?i2)o* 1 

(?i“+l-H(r)a a* “■ 


= -1)« l^l 


C«®4'l + fr)‘* 'ft* J’ ^ ' 


Tho oJToofc of^ rotatory inortia is thoroforo to inoroaso tlio ponod of 
vibration of tho ring in tho ratio 


1 • l + + 1. lol 

L {j^’-hl + cr}* j a* * 


so that tlio oorrootiou in tlio period liooomos groatpr and groator as « 


inoroasos. 


Tho following tablo givos tho incromont por coni, m tho period of 
vibration of a I'lng for whioh c/a =3 l/lO and o-rs 3. 



For gravor modos, this oorrootiou is sinallf but tho poroontago of 
moromont is much groator than in tho os so of (loxural vibrations in tho 
piano of tlio ring 


Torsional vibalmis, 

Jtoturnnig to tho oquation (16), lot ns study tho short poriod 
vibrations. If wo writo tho oquation in tho form 

[(..•+i+.)(i+v’‘;r) + 
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+ 



IStto ^ 


> 


(18) 


ancl neglect squares and pioducts of (E7ro‘)/(4mci'‘p“) and wo gob 

as a first appioximation, Basset’s frequency equation 


(n» + l + 


(t) 


Ettc^ \ 




(10) 


for torsional vibrations of the ring 

Bor a second approximation, we substituto this value of in the 
terms neglected in the first approximation, and we get 


(n ® 1 *f” 




Eire* 

4wa*p® 


•) 


= Ki+<r)^.[ 

= ki+-)5;[i 


1 + 1. (l + o-)wM?t°--l)^ oj 

^ (71* + 1 H-cp)“ * a® 

_ 1 (s+cr)®?!'*' c^n 


X 


?i ® + 1 + cr 



( 20 ) 


The oJfect of rotatory inertia is thus to decrease the period of vibra- 
tion in the ratio 


1 • 1 — ® (2+<T)=iw* 0^ 

^ (7r® -!- 1-}- cr) ' ft® * 

Since 7i*/(tt^-bl-h<r)® is less than 1, the oorroction per oonti is less 
than 


25(2+.)®^ 

The following table gives the correction per oont. in the period of 
vibration of a ring for which oja = l/lO and <t= S 


n 

1 

2 

8 

4 

6 

6 

B 

8 

9 

10 

Diminution 
per cent 

26 

•8 

■ 

B 

B 



18 

1‘8 

1*8 


Bull, Oal. Math. Soo , Vol XXYIl, Nos 3 <fe 4 (1935) 
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On Tnij] iRUEDuoinijis invauiants and oovartantr systtsm 

01? TWO QUATBIlNAllY QuADUIOS AND TWO LlNBAIl 
OoMPJjBXBS 

BY 

N (JriA'TTEUJbB AND P N DASaUDl'A 

( OomvmmoalGd hy S Mulhopadhyaya) 

Inhoihiclion 

By tlio U8G of comploy aymbolH ■VVoitzonbcSokx lias oobskIol’ocI Uio 
invariants and oovariants syatoiu of a cjnatoriiary cpiadi’io asHooiatod 
wifcli two Inioar complovoa l?roni tlio viow-point of a Propavocl 
System Tarnball has disoiiBsod tlio conoomitants of a syalom of « 
Iiinoar oomployos j- Tho ooinploto systom which inoUuloa linear 
comploxos and mixed conronutants of a fpiidrio witli two Knoar 
oomploxos has boon dismissed by oiio of uh olsowhoro t Tho proaout 
paper deals with tlio nivariauta and oovanantH ayatomof two (luatornary 
quadrics asso mated with two linoar oomploxoa. 

Notation ^ 

1. The symbols .r, «, p donoto homagonoouH co-ordmatos aucli 
that 

iu =3 fiiu ‘f-'ai (point oo'ordiuatos), 
n (piano oo ordinates), 

P = Pi9, Paa* Pi8» Pi 13 Pm j,) Pai, (huo 00 ordiuatos), 

1/it y>> J/at Vi 

* “iliini Syatom omoa linonron Koiniilcxoa uiul oinor ]j’14olio /woitor Onhninir,” 
JourimUlhMiitli., 137 (1010), OMJ?. 

f Dob Oupba, Proo. Dond Math, Soo , Sor 2, 31 Piut 7. 

t "On tho mvarinnt thoory of rnixod quntarn ary forms," Proo Loud, Math. 
8oc«, Sor, 9, 25, Parts d and C 

§ This notation and Its applioatioiu aro inoro fully explained In a paper by 
Tuiubull, Proo, Lond. Math. Soc„ 2, 26 (1090), 
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■wlioro y 18 cogrodionti to ft), and 

ViK — ^iVk—XKyi> 

Also (t, = ffift’i+C('a^’a+«a«’o 

The quadriG is denoted by 

/=a 5 =a^»=«"S = .M, 

whoro », a\ a!* are eqin valent symbols, the other quadi’io 

%h, jViXj hag corresponding implications 
In what follows A=aiaj , a=aa'a" , 

B=: 6 ,&a ; i 3 =W', 

fciioli that = %{ciio/ 

a determinant of the fourth order and so on 

The linear compleTtes are denoted by (Kp), (lip), (Mp), .. . Tho 
CO oflioient K is reprosonfcod by two symbols both cogrodiont 

with a, so that /p,, i /u, Similarly, A=a, a', etc, 

where elements «, a', &, h'y k^, /c^, •* are of curroucy one , oontragro- 
dient to A, K, are A, IC, which arc onoh of ourionoy two , while 
conbragredient to a, Z>, are tho symbols a, /?, winch are each 
of currency three, 

Lot 

(KL) = Ki^Lgj + K^jfjn + KjiLj i + Ki tLja+Kai,Lj,i + KjuIjij. 

Similarly, lot 

(AB) = Ai 4 lla 44 'AagBiji,+ ... +A94B15,, 
whero a^ a! x > Bg^^oto, 

ftg a\ 

Besides tho usual bracket factors certain compound faotoi'S are 
useful eg^^ 

(tKAai) is a compound factor such that 
(iiKAfti) = (&JIai)(aja))— ( 6 Kaa)(aift) 

= (tKctj) (a a ft)), whore dot denotes doterniinantal 
permutation 

= 0 «( 6 Kai)(aaai) * 

Also 

( 6 KALM«) =5 fl„(bKa,)(aaLMa)) 

= n„„(tKai)(ftaLmJ(mjft)), 

* Turnbull, Proo Royal Soo. Bain,, 46, (1020), SIO 35 ) 3 . 
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Tvhero donofcos a sum of four tonus obttviuod by pormutmg 
and Wi, Wj indopondontly with proper signs. 

Whore tho end olomonts are of ourroncy t\va, tlio bracket factor 
IS snob that 

(AKLMNQ) = (aJCLMNQa,) = (!„(«, ICLMNQa,) 

2. For tho purpose of (bsoussmg properties of tho brarkot facbois 
tlio following identities aro fundamental;^ 

(aTCAaj) + («AICi) =: — '(AKlu,, 

01 j luoro generally, 


(wKATiMu) d- (»AKLMt«) == *-(AK)(aLM.u). 

.. ( 1 ) 

(wKLT\rN«)) 

= -(fljNMlJCa). 

.. (2) 

(wICLLN.!)) 


(3) 

(.iPC^lla) 

=3 -(aQPa«) =: (uQUP/) := etc 


(AKLN) 

= (o.KliNrtJ 



« -(KL)(NA)-(liN)(ICA)d-{K]Sr)(LA), (5) 

wlioio A = tijaj. 

Those uluiititios have boon proved olsowlioro f 
Tho proofs aro roprodueod boro 

Pi oof ofiilonUty (1). 

(itlCALhhc) = 

= >-(AK)(«bMa:)-(»AICliMaj), 
whoro A =: a^aa, 

Pi oof of idontUy (2). 

(wlClimi) = )(«,«). 

== -{xmihKu) 

Iclontitios (8) and (di) follow immediatoly from (1) for a factor of 
of tho typo (ailU') = — (.dti) c= 0, 

Identity (5) is proved in a similar way. 

* Turnbull, Theory of Doloiminanfcs (1038), 210 212, 
t Turnbull, Proo Loud. }^alb« Soo., 3, 26 (I02Q), 308 327, 
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Fio'pared Fiystem 

3 To render all convolutions of convenient forms explicit, a 
.systom of symbolic typos lias been evolvocl to whioli tlio immo 
Prepni’ecl System*^ has been given, By the funclaraontal tliooiom, all 
concomitants aie capable of boing evolved out of brnokotod factors 
of the simple type («*), (AK), (nKit), (upb) or of bracket factors of 
the compound type (tKAw), (aKLa), etc. Since wo aie considering 
conoomitants of quadrics, eaoli of the symbols a, A, a or 6, B, ^ in a 
concomitant form must occur twice These are quadric symbols It 
18 not necessary to braoket two quadric symbols when they ooour in 
a compound braokot factor to pair tho identical symbols in another 
compound braokot factor for they may appear separately in other 
biaeket factors simple or compound, It should bo noticed that when- 
ever a quadric symbol, e fjr , a occurs in a concomitant, the variants 
of that symbol, a, or or ftg should be taken all oqm valent to 
a. The complete Prepared System for two linear complexes (Kp), (Jjp) 
and two quadrics cij and 6 5 is given in the following Tahlo A It is 
necessary to note that no forms could contain a^. ov bp for as soon 
ns four equivalent symbols are found together, similar combination 
pan bo made by ooUecting together the symbols a and a from the 
remaining portion of the concomitant providing for a® which itself 
18 an invariant. Similar oonsideiations preclude tho inclusion of 
ft and A symbols of tlio same quadric of ciirronoy ono and two for 
they might come together to give a quadric symbol a of currency three, 
Ihis explains how factors of the type (a,,, a), (a ..^) arc admissiblo 
while factors of the typo (aKA^), (aLA) are not admissible. Whore 
there is a bracket factor involving ono linear oomplox, a,g , K, tho 
oorrosponding form with the oomplex L is not raoutionod with a viow 
to avoid lepetition, for in this paper we confine ourselves to tho 
consideration of representative forms 

We use the numbers 1, 2, 3 to denote the quadric symbols a, A, a 
reapootively while i', 2', 3' stand for the oorreaponduig symbols &, 13, /8 
for tho second quadric. The forms are listed aocoiding to convolution 
of quadric symbols, 


* Turnbull, Proo. Loud, Math Soo., 3, 2' (1922) ami 2, 2S (1920), 803 827, also 
Theory of Detenamanta (1028), 210 212 
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Table A. 


Ths Prepared forms for the conooraifcants> iii gonoral, for two 
quadrics and two linear complexes, 

0 (KL), (KK'), Kp, w, 

1 a,, (aICli,r). 

V (bK«), (iKL.D), 

2 (Ap), (AK), OaCAu), (aKAL.«), («KAL«) 

2' (Bp), (BIC), («KBat), (aiKBLc), («ICBLm) 

3 (wKLa), (aK»), (oKLit). 

3' Up, (itKL/3), (/3Ki), i/SKhu) 

( 11 ') {apb), (alib), ialipU) 

(12'). (aBw), (ftBICr), (aKBLit) 

(1'2) (6A«), {6AICt), (WCALw) 

(13) (apKa), (aKLa) 

{1'3') (&pK/3), (WCB/3). 

(13') : ap, ((iKL/8). 

(1'3). ibKha). 

(22'). (AB). («AB0, («ABK«). (^-AKBie), (AKXiB), (^^ICABIim). 

(23'); ixAft), (wAK)8), (aKAL/3). 

(2'3) 5 (a^Ba), (uBKa), (.odCBLa) 

(33') j (alCjQ), (apjS)} (alCpL/S) 

(12'1) ! (ftKBLe),(ftpBLa). 

(1'91') (bKAhb), {hp AU) 

(12'3) (oKBa), (ftpBa). 

1 23') : (WCA/9), (bpAfi) 

(32'3 j (aKBLa) , (apBLa), 

(3'23') (/3KAL/3),()9pAL;Q). 
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4 As in tho pi’esonfc papoi' we confine ouvsolvos to the considera- 
tion of invavaant and oovaiuanfc forms only, it will bo seen that tho 
Prepared fovtna, wo shall have to deal with, will bo limitod. In 
Bubseqaent work, wo donoto, by the intro duo fcion of underlines, forma 
winch involve both complex symbols K, L Thus, for instanco, if by 
(1) wo denote then (1) will donoto (oICIj») Tho following Table B 
will indicato cloaidy tho notation used in tho suhsoquont work in 
oonnoction with braokotod numeral factors. 


Taut, 13 B, 

Tho prepai’od forms for invariants and co variants for two quadrics 
and two linear complexes. 


{2) = (AK), 

(8)= (all®) 

(ir)=(oK6) 
a2')=(aKB.i>) 
(13') = (1^, 

(220 = (AB), 
(23') = (fliAj9), 
(33')=:(aK)3), 


0 = 

(_2) = (icKATj«), 


Q§) = («KLa) } 
C» = (iBiaL/9), 


(2')=(BK), 

(8')=(j8Ija;). 

(l'2)=:(ftKA,i!). 


(2'3)=(«!Ba), 


fJ/) = (WCLa:) 

(^) = (.rKBL,i'). 


(118J = (6KIia). 
(!'£) = (&KL/3) 

(^) = (a.KBIja) 


(12'3) = {aICB(x) 
(32'3) = (aKBIja) 


, (l'2r) = (6KAL6), 

; (l'23')=:(6KA/3). 

, (3'23')=(/3KAL/3). 


From this Table B, a complete ‘system of invariants and oovariants, 
including all irreducible forms and some redundaiioies, is at once 
written down We now proceed to a discussion of the formula) which, 
enable us to reduce some of tho concomitants, 



IRRlSDUOmrAil INVAIUANTF! \NI) ('OVVUT\NTfi HVS I'KM LHO 

ReilucibiUly, 

5 TnnonRM hlenUbj fmmulm by (upanHum ran alwaifti bit 
aliempied j7om tJio j^mlnct of two harlr! fmUns whrn any tm o) I ho 
foK) end elements wo distinot anti Ihoii Qn})onru"> add la livn (n st • , it 
being provided that an end olomi'nt of {iiiiomii one (MH hr attachrd in ihr 
adjoiniJig element of giado two to fona a oomyoand \nii/Jo rlnnnni nf 
ciirien&y thee foi the puiposo of tho pioposod ripnnsum 

The fiisfc part o£ fcho above theoi'oin 1ms boon noti'‘(ul (ilscuvhoi’o,^ o 7 ,, 
it hag been shown tlmt wlioio a iiml u are l)i*tli of ournuuiy thuui, l.lio 
form 

(uKLarMNQA) = (itKria)f . ALNQA) -(«Kliii){«Mmi\), 
and again, 

(jfrKLai MKQA) = b(aK«)0*ljMN'(iA) 

+ (««- Kli.MNQA) 

lEonoo wo got tlio nlontity 

(aKU)(rHNQX)-(«Klia;)(arNti\) = aKAFNljA) 

+ ((iK«)(«rjArNQ\H’(Ku(j ICloMN'QA) ... (U) 
Agaiji, if fcho pairotl oloinoiifcs are of (siu’i’oiioy imo naoh, wo have 
(jiKLM fta.NPQy) = (aK[,AUj)(aN'iHi,i) -{aKI ,Ma)(mi'(ia), 

and again buico 

(nKLM.iifl.NPQy) --(hAraXnXIiNLHio) b(hljo)(«KMN'l‘<iM) 

LAfNPQ/;), 

wo lift VO an identity 

(KKUt&)(«NPQo) ^(nI(TiA[fO(/)N PQv) •~*(i.Ara)(aKI,NI'Q<0 

+ (in«)(aKMNP(iy)-b(aK . ha . InMNLHift), .. (7) 

Wo now proooocl to show that uXj could ho paiird In hrhuvo oi on 
element of owienoy thico, 

By p or mutation (a ilNTn) 

" 1 " a '' 1 ’ a 

** Daa Qiipla and TiirnbiiH *' On tho eotnploLo syaiom of Tjinonr Ooinploxea," 
?t 0 J “Bdln Math. Soc., I'.iao, 01 70 , 

25 
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= (aMQRS>))(i<l?P‘i)+«,(aPN'MQRS.i) + HiWaNPa){a}mi)(7,IlSa)) 

= (aMQRSa;)(a!NPa)+rt,(aPMQRSa;)+ O (oMa(7,KPot)((iraRS.tj) 

® 1 * s 

= faMQRS.r)(a;WPa) + o,(aPNMQRSa;)-(ftNQRS.«)(™MPa) 

+ ( r MNft)(oPQRS I ) -(kMKQRS i)(ftPa). 

Ilonco 

(«lk[NPrt)(iQRSj-) = (aMQRS(i:)(.nNPa)-a,{aPMNQR.Sa:) 

Again, using compound notation wo got fclio same result symbolically 
in a few stops, tor 

(oMN ttP/e QRS() = (ftMNPfl)(a:QRS»)'-“(«MN.t)(aPQRS<) 

The left hand member is again eq^ual to 
~(aPIT i))(ftMQRS . ) + (aPM;B)(aNQRS^) + (aPa)(.rMNQRS r) 
-rt,(ftPMNQRSai). 

Henre we have 

(aMNPa){iQRSc) = — (»Ma)(aPQRSio)+(a’NPa)(aMQRS!B) 

--.{cMPa)(aNQRSo)-a*(aPMNQRS^) (9) 

Tt 18 readily seen that the identities (8) and (9) are one and the 
same, This establishes the theorem, 

6. (oKB«)(i’A/3) iii rodnoible or symhoUcally (12'3)(23')=0. 

Pi oof , — 

Prom tlie two-fold expansion of (aKB. dfx A/9) in the manner 
indicated in § 5, we have 

(aKBa)(i Aj8) — (aKBj5)(aA/3) = — (aBa!)(aKAj8)-f (aKii)(«BA/9) 

+ rta(a'KB A/3) r- a, ( aKB A/3) 
which shews that (aKBa)(!PA/3) is reducible 

7 (aKBa)( fKAL/8) xs reducible oi symholically (12'3)(23')=:0. 
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Pi oof • — 

From the two fold ex;pansion of (aKB ajx KMifi) in the mannei 
indicated in § 5, we liavo 

(aKBa)(.KAL/3) - (aKB»)(aKABi3) 

= - (aBA)(aKKAL/3) + (aK . ) (aBKALj?) + AL/SJ -a, {aKBKAL/5) 

from whioli it 18 evident that (aKBa)(a/KAL/3) n reducible 

8 a^CaKBLa) = (aLi8)(cK:Bo) + (iK/3)(aBLa) 
or symbolically (13'){^3) = (33')(12'l + 3'(12'3). 

Pi oof 

From the expansion of (.bKBL ajfi. a'l in the two-fold manner 
wo have 

( aCBLa)(/8a) - (xKBhp) (aa) 

=: -•(aD^)(ajKBft) + (a.Bj8)(a!KLa) — (cKa)(jSBLa) + (xK/3)(aBLa) 

from which we get 

(.uKBLa) = (aL/3)(ajKBa) + (a5K/8)(aBLa) 

9 (aKLo)(bLA/8) = (aL6)(iKAL/S) = (6LAi:)(aKL/3) 

or symboUoalhj 1 (1'23') ={U')(23') =(V2)(1^') 

Pi oof — 

From the expansions of (iKAL, ^fha, b) according to §5 we have 
(.iKAL^)(aLb) - (®KALLa){/36) 

^ ~(j8LLa)( oKA6) + (i8ALa)(»KL6) + (»K/3)(ai:iAL6)-(jKLa)(^AL6j 

from which we obtain 

(»KAlj/3)(aL6) = {aK.hxi){bhAp), 

Again, from (61 jA a;/^LKa), we get 

(*]jA.i)(iSrjKa) ^ (6liAi3)(j;LKa) 

= -(a)A^)C&liBK«) + (!BBi3)(iAIjKa)+6,(^IjAIiKa)-63(a5LABKa) , 

which yields the identity | 

(6fjA£B)(aK:ii/3) = (aKLa5)(blrA^) 

10 (oKBtt)(aIi6) = 6^(aKBi:/a) 

« (ll')(12’3) = (1'8)(1«) , ' , 
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p7Qof *“ 

pLom tho expansions of (aBK fi/6 Lc), aocoi'clingto §5 weliavo 
(aBKa){tTjft) - (al3Kfc)(aLa) 

= - (aK&)(ftBJjo) + (aBt,(aKLa)+(«(i)(&BKLa)~(ab)(aBICLa) 
wliicli yields (aKBa)(aXjb) = 6„(tiKBL(i) 

11 (aICBLa)tt£t) = (a.L6)(oKBa) + (aKB)(arjBa) 

07 symhoUcally (1'3)(12'1) — ^ (1B)(12 3) 

Proof — 

Ih'om (fJCBL.ft/lj a) by tho two-fold oxpaiision of §5 wo got 

(aKBLfl)l&a)'-(«K:Bi:ji a. 

= ~(ftr/lj)((ilCBa)-h aBi)(»KLa) + (ftKrt)(f'BLa)-(oK6)(ftBLa) 

li'oiii whioii wo aio led to the one-way identity 

(r3)(l2^l) (ll')(12'3). 

12 “ The (I — a theoreni ” 

(tt FQa)fo/))(aEo-) =■ (ftPQa;(«tr)(aTl/3). 

This has been noticed oltiQ whore ^ This theorem enables us to 
effoot numerous reductions of wHoli the following are typical - 

(^) (ftKLa)(aKIit>)(aKct>) 

= (aICLa)Ca/KIji))(aK/®) 

= (ciKLa)(ft,)(a'KELi) 

0 

(ti) a,(aKa5)XaLt)(aKiS)(bKL/3) 

s=: a*(oK®)(6/L(i)(/3K/a)(bKL/3) 

= a,(alCi!)(Z)^)(/3KLa)fbKL/3) 

13, The reduction and eq^uivalenoe formulae, obtained by pairing 
the prepared forms two and two, are exhibited in Table C annexod, 
Tn the Table 0 blanhs indicate oases whore no convenient formulae 
could he obtained, the notation =: 0 denotes reduoihility, = denotes 
equivalence and — ^ denotes one way identity. 

Das Gupta and Turnbull, On tho complote ayateta of Linear Oomplexea," 
Proo Edln. Math, Soo ,19139, 6l f'O, 
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la^ 


Application of ilio tcsnlls %n Table 0 

14 B'lom tlio results m Tiiblo 0, it is posHihlo to got ui Mui 
place oC two tacLors tivo othor factois ouo of wliicli iniiy assoriato witli 
a thud fiiotor to j^ivo oithor a coiuploto ooucoinitaiit or in combi nation 
yield fill til or equivalent foims 

Illustration 9 

(0 a,(.Kl3LO(^«l'j'0('AU) AH) 

= «/ 6 ICLv)fftbb')' tAL/ 0 (^VB\ Hiiieo 2'(11 
= «,(&KL)) flL^)((ALJi.n)(AB), Riiice {l 2 ')(r 2 ) =s( I L')(‘d 2 ') 
= 0 


(ii) («KHtt)(rtKrii )(aKU t) afl(aK/^} 

= (alCt)(cKnbfOCuKB.r)a„(r*K/i>, 

Hinco I (12M)=5(1I1)(12'; hM{ri'|) 

= (alC. )(«Kli/3K«lCJ3i))afl{aiCHa), 

Hincii 

= 0, since (12')(12'1)=.0. 

(m) (aK,)(fiKv){ali\ja)aft 

cr: (aK/.n)//3IC0(«Kli«)(a//l), 

= by §12 

== («TO(«Kt’)(«Kb/3)ft,, Hiiico M'{111)=: L(JlH')d JHJ'3')- 
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15 In the following iriednciblo list given in Table D, only 
typical lepioaentative forma have been listed. Thus for instanoo 
wheio one complex K has found place, we understand that there is 
anotliBi-Biimlai- form with complex L Or ogam wl.orovor forms aro 
Bymmotiicol wiUi regard fo either qiiadiio, only one ot the two has 
been retained, e [/ , of tho two forms 

(6Kb.ij)(aK6) and (nlCL 

the foi’mer alone has been retained 

Another point to be noted is that this list exoludos the mvaiiants 
and covai.ants alLoady given by Das Gupta in -The Sunultanooua 
BTstem of a quadiio Buifaco and two Linear Complexes " (Pioo Lone 
Math Soc,Sor. 2,Vol 31, Part 7 and by Tuinbull, in Proo Lend 
Math Soo,2, 18 (1919), d5-9(/ 


Tahlu D. 

Tho irroduoiblomvauants and oovauanta o( two quatornary quadrics 
associated witb two linear ooinple’xes. 


14 In valiants — 

(AK)(nK)(AB), 

(aK6)rtp(aK^)l)a , 

(aKJ>)np(«K/3)(/)KLa) . 

{aKb)ap{blihP) , 

(aK6)(aKL/3)(?'KL/3) ; 

ap(oKLa)(aK/3) , 

(aKLj8)(aICLa)(aK/3) , 

(aKBLa)(BK) , 

(ttllBLa (A.B (MO , 

(aKBa)(BK)(aLt)?)a , 

(aKBtt,(BIC apialiP) , 

(nlCBa (AB)(AK)(aK&)ba } 

(QKBLa){BK), 

(aKBLa)(AB)(AK) 
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Table D— (oowiMmet?). 
121 Oovnvianta s*- 


a, 6 ,(aK 6 ) ; 
{aKLr)ihKLx){aKb ) } 

{aKL!») 6 ,(rtBKjt)(a.Ba) 6 a , 

«,b,(aKLi 8 )( 6 KL/ 3 ) , 
a^h^a(i{(iAx){b'Kh.x) , 

(aKL») 6 ,rtfl(/ 8 A»)( 6 KAj') ; 

a, 6 ,a 0 («A/ 3 )(AB){»Ba);v ! 


rt, 6 ,(aBK»)(i'Bci)&a > 

a,&#{«BKi})( cICBLci'^&a i 

(t,6,rt3(6KL/3) , 
a^{bKLx)a/i{bKLP) , 
rt,(6KLa;)afl(/3At)(WtAa!) , 
{aKJjv){bKLx)afi{{ 3 ^x){bKAv) , 
rt,(6KLH)a^(a!A/3){AB)((cBa)i„ 


,Z.,afl(i 8 Aa 5 )(AIC)(BIC)(rBa)&,; 

a,(fcKL.i')ft^()SAa')(AK)(BK)(.’Ba)i, 


a.6,a,(aK/S)6 a# 


fl, 6 ,a^(aI{/ 3 )( 6 KLtt) , 


ft.6.(flKL/9)(aKi9)(6ICLa) ; 

a,(6KL'«))«flW)&a ; ft.(WaH)«p'“WC^KLa) , 

a.&*(aKLa) 6 ^ ; rt, 6 *(oiaa)(WCLa) , 

{aKLt)i»(ainja) 6 « ; ft,rBK)(aKZ))( 6 TjA»)(AB) ) 

a,(BK)(rtK6)b«(aK^)(;SA«)(AB) , 
n,(BK)(aK 6 )(WCrja)(aICi 3 )i/ 3 A(«)(AB) , 
a,(BK)(«K 6 ) 6 ^<aK,.')fi 3 Krti)(^A« 5 )(AB) , 
(ftKLrtj)fBIC)(aKb)^UK«)(/3K«)(^A«)(AB) ; 

a,(BK)^aBKaj) j r?,(a)KBL.r)(ftBIC<») , 


26 
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TaTU/K D— 

i(aKLa,)(BK.)(«BKi) , (rtIiLu)(.aCBL.-«)(aBKi) 

«,(®K)ap(/0AO(AB) , a,(BK)«fl(>KAL^)(AB) , 

I 

!(rtICLa;)(BK)a0(/3A O' AB) ; rt,(BKUflKL^ (/3AO(AB) , 

rt,(JBK)a^(i3A,i)(AK)i).ba(aB0 , 
(aKL^)(BK)«p(i8Aff)(AK)6.6„(«BO , 

(aICLO(BK)%^/3A,)(AK)(l)KLO&/“'R*) . 

la^CBIOapCaK^Sj^aBa) . rt4BK)CaKL/3)(aK^)( rBa) , 

(«KLa’)(BK)a3(aIC/?)(flJBa) , (aKLa5)(BK)(aKL^)(ftK/3;((tBa) ; 
<^(BK)afl(bKL/3)(6HAr)CAB); n.(BK)(aKLa)(aB^) . 

,(aKL»)(BK)((iKLa)CaB,0 , aJ^K^’){nlih)hAo^^P) 5 

t 

a,(/8K0(«K&)(bKM(“W I (aKLi’){/3KO('»K&)^W^ ' 

. fl/|8KO(«KL/3) , (aKB^ipKOa^ , 

(oKL.O()3ICO(«KLi3) ; u,(/3K«)(flKLa)(aM , 

;«,(aK;r)(rtICb)6« , a,(aK«i)(aKb)(bKIia) , 


(aKBr)(aKi)(aK5)b« , a,(aKa>)(aKBO('Ba) ; 

(alCLOC^iK r}(aICB OG'cBa) , a, (aKO^pC^A 0(bK A^bct 5 

a.(aICOapOSAi)(AB)C^Ba) , (oKL.t){<^Ko afl(/3AO(AB){.Ba) } 


a,(aK)i)a/3(ttK^) > 
(aKLO(aKr)(aKLa) , 
(iBKALO(BIC)(AB) , 

(AIC)(BK)(^A(c)0’^ttj(b»ba(‘<'Bft) > 


a^(aK®)(ftKLa) ; 


(AlCHBKHRiALBaj) j 
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TabiiB D — {contimioH) 


(AK)(BK)(/3Aa!)afl(aKria5)(&KL.i!)6*(tBa) , 

(AK){BK)(/3A')'“KiS)(a;Bc/) , 

(AK)(/SKt){.KA6){ftK6)afl , 

(AK)(/3ICu)(AB)(aKBo)(aK/j)&„(aK/3) , 

(AK)(i5Ko)(AB)(aKB Oos ; (AIC)(/3K<-)(AB)(Baj')(aKi3) > 

(AK)(/3K'i!)(/3Aa!) . («ICALu)(/3Kt))(/3AO , j 

{alii){(ilix}h^{alib)afl , {aJix){iniy){xBa){KB)WAi) , ' 

(aKi)((81Ci)('»Da)(^ALBaJ(/lA,c) , (aICu})(^ICn)(aIC^) , 

(aK6)a*(WCA.w)(AK) , (aKli)(ai;pc){-BBa)6* , * 

(oK&){aKB .)(^B)(AK)(aia)6a ; 1 

I 

(a'K6)6a(>*'Ba)(AB)(AK)o* j 

(aK 6 )(riICL/ 3 )i,(aK^)(.tA^)(AK) ; 

{bKBo) («K^)(-f A/3) (AIC) , 

(«KBt)a*{AB)(AK) ; (aICB«)a*(^A.IiBi<)(AK) ; 

(aKBw)(aKIjJj){AB)(AlC) , ((iKB»)aflCaK/3)l.aBa) , 

{aKBt.)(£tKi,/3)(aM(^Ba) , 

{aliB,)ap{(ailS){alix){\m^li) ; 


fl3a,(/3A.r)(AIC) ; afl(aKL«))(/3A^)(AK) , 

(aKL/3) (aKL r) (/3A u) ( AK) , (<iKL/3)a, (/3A(o)(AK) , 
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Table D — {contmu$d), 

a 3 «.(a;K 4 -L/ 3 )(AK) , (aKI^a){aKB»)(AB)(AK)(»Ka) , 

(.oBa)a 0 (AB)(AK)raKi 8 )a. , 

(a,Btt)(aKL/3)(AB)(AK)(aK/3,a, 5 
• (AB)CAK.(a3Ba)(aKa;), '«ALB.)(AK)(cBa)(aKu) , 

, (AB)(/3AO(aKiS)(j'Ba), (;8AB)<AK)faKj3)(aKO , 
(^Aa5)(AIO(6KLj3)6. , 

> (aKBLa)^aKBf)fl« , (aKBLa)(aKBB)(aKLj5) , 

I 

^ (aICBIia)(a5Ba)(aKr) , (ftKBl 4 tt)(.oBo) 6 <i{aKi))ai, , 

I 

(aKBa)a,tBK)(aL )0 } (aKBa)a,{ftICB.i)afl(aK^) 5 

; (aKBo)(AB)(AKK(aKc) , (aKBa)(AB)' AKi(aia) 6 „ , 

) 

, (aKBLa)(aBO(aKaj) ; 

^ (aKBLa)( .KBLa)'aK<r) , 

1 

I (oKBLa)(aB.)(aKLa)a., 


1 


Bull. Oa.1 Math. Soo , V«h XXVII, Hoa 3 & 4 (1935). 
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Some IlyrimsPAOE IIarmonio Analysis Puoulkmh intro - 
DTjuiNG Extensions of Matiiieu’s Equations 

BY 

MAUEIOB DB Duni'AUBL 

[Stamho^d) 

U> 18 well Ictiown LhaL two pi’obloms o£ harinonio analyHin ii\ oi’tliiiavy 
thioO'ClimouHional Bpaoo can bo solvotl by Matluon’H funotioiiH, nanioly, 
(ft) hamonio aimlysia for an oUliogonal Bystom o£ olliptio (or liypor- 
bolio) oylnitlors, 

X =5 COS ^ coflh y = sin ^ sinb i;, s s=3 « (1) 

(6) liamonio analysis for a sysLoin of oonfooal paviiboloulH, 

4* j ^ ” 0 lu (U) 

X— 1 A 

I havo shown* that a suntlar problom in four-dimonaionaL Bpaco, loatlH 
to tho equation of amoialod ATathtoii's funoUnns^ 

4 ^ +2n cos X -5^4* (fl + /(''' oos*a3)j/ ==: 0, 

when tho ohango of variables, analogous to (1), ia 

A) sa COB ^ oosli V} COS f{>i y ^ oos f oosli y sin «/>, » = sin ^ Binh tj, t s=i 6 

introducing hyporoylinclors parallol to tho i-axis, lUoir baa on in Ilia 
/ 1/2 flpaoo being ollipsoids (or hyporboloitls) of rovoluliou. I now 
pvopoao to show that somo othor hyporspatial ohivngo of vftriablos, 
analogous to (2), loads to tho samo oquation and also to ftuotUoi’ 
extension of Mathiou’s oquation. 


* iiorue Smnliliiiuo da I'lostilut Millag^XiOfOor, K (1082), 8/, 



MAUmOIi DB DUBFAIlJitj 


^0^ 


I. 


Lot us oonsider the oliango of varmblos 

+ 2l±i.* = 0, 

\-l X 

y Z cot c^, 

which can bo wutton, 

a, = V'(/j— 1)(/A— l)(v— X), 

ij = I Vp/xv cos 


(3) 


.. HO 


2 = 1 V pfiv Siin (fii 

^ _ p+i«-+v — 1 

t 2 ’ 


donoting by p, p, v tlio throe roots of (3), oonaidovod as an equation 
ui \ Tho h y per siu faces constant are hyperplanos, and tho throo 

hypersurfacGB p, p, ;'= constant are obtained by the revolution, out of 
their space of the confocal paraboloids (2) 

The system being orthogonal, Laplace’s equation is found, by tho 
usual method, to bo 

A TT - j. 

^ ’ ‘ pfvV(,)-l)(f^-l)(v-l) 9*' 


+ ^ 


p,--v 





fch^ summaLon symbol meaning that the unwritten terms are to bo 
d^edijced from the written one by oircnlar pormntation of tho lottois 
P, /qr, 

Lot us try to solvo this equation by assuming 

U(p, M. I'j <#•) = Ja(p)M(p)Ncv)cos w«/» 
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We then have 

_ {p-^)(fi-v)(v-p)BMN 

+ Vlf‘-'')MNK7ri|.[pv^l = 0 


+ S itAV(/A — v) 


pVp~-l d 

Ki dp 



!®1 = 0 . 

dp J 


But 

— — /^)(fl — v)(v — p) “ — v)4’Vp{l' -p) ~ Spv(p.'-v) 


nonce 


f )+-?■] 


0 , 


Now h and K being arbitrary oonsianig, wo have 

S Ap/jiv(/x— v) = % lp^fiv(p,—v) = 0, 
BO that tbo equation can bo wiiiton as 




and tho function Il(p) must then satisfy the equation 

01 * 

P’(c-i)^[^+«/>’-p) ® +(^ +hp+h')^ = «. ••• (») 
tbe equations for H and N being exactly similar. 
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MAUniOB DB DTJFPAEBB 


To I’oduoG ( 5 ) to a kno-wii type, let us put , 

m 

R(p) = p-^S(p), 

Wo obtain 

()(p-l) ^ +[U+w)p““(t?i+ 1)] ^ +[/4+-Em('m + l) +7ip]S = 0, 
and if lYO make the clmngo of varmblo, |o=sin*0, we find 

+(2w+l) cot 0 ~ coa«'5]S = 0, 

tlio equation of Mathiou’a naaociatod funotions, a Rolution of whioli oan 
bo expt’ossod in tome of tho function o "(0), 


II. 


Oonsidoi* now tho chango of vanabloa 


X = V(p— 1), 

y = iV'p/AV, 

_ p+M+v- l 

8 - 2 I 

t = i, 

introducing hyperoylinders having tho confooal paraboloids (2) as bases 
in tho ay^-spaoe 

Laplace’s equation is 

^ 0 aXT (p-ii)(ix-^v)(v-p) 

9^* A/^p/iV{p — l)(p — 1)(.V— 1) 


4* S 


V/xv(^— l)(v— 1) 


a 

0p 


/'—I 

-87 


]= 0 , 
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or by taking 

u = o^^n{p)n{,i)i^{v), 

But 

(p_^)(^_v)(v-/)) = -p^{fx-v)-if.Hy-'p)~-vHp-p) ~ -SpMp-')) 
and as 

^hitx—v) = Sf<p(p- 1 ') = 0 , 

wo can wiilo 

S(^-v) [«1) I fj +1+/V-^P‘] =0 

Tho equation foi U ib tboroforo 

If wo take p=:coa*d, wo obtain 

_i cos®d- cos* R — 0, 

wbiob, since 

oos*y=a cos cos 2iJ't c, 
cos®d=rt^ cos 2d+?A 

IS of tlio type 

4.(a + /i cos 2(? hv cos 4P)ll = 0, 

dO* ^ ' 

(lu oxtoiKlon of Matliiou’s equation, but a Jiartioulnv omo of Hill’s « 
As far ,.s I know, it ,s Uio first t.rao that such an equation wli.ol. 
occurs 111 some astrmiomioia and physical piobleins, la fonnd in a 

• Analytical properties of this eqaation have been given by E L. Inre, Pm. 
Land Maih 800 , XXI I (1928), 

27 
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MAURICE DB DUFPAHBL 


poloiitial qrtOBtion Tho samo eqiiafcioii would occur* as it will appear 
im mediately, wlien investigating solutions of tho wave equation 


Q’r , 5 *1 ) , Qu’ _ 1 9u^ 

0 0?/“ '07^ 0^ dT®’ 

in tliioo-dnnonsional spnco, in a region bouiidod by the confooal para 
bnloids a solution boiiig 


** Tina fncL wao poiiiLed out to mo by Mr B T Oopson, 


Bull Cal Malh Son , Vol XXYII, Mos. 3 & 4 (1935). 



u 


On REDUaiBLE liyrBUEIJjlPTIO lNTI?aHALS 

BY 

A, C ('iiounnuiiY 
( Caloutia ) 

Tho probloni of do tor mi mug byporolhplio intogials I’ocUioiblo to 

elliptic intagi’als by fclvo clmngo of vaviablos ,r — yfj^* ^ ^ boing 

polynomials of dogi'oo ^ *1 was considoiod by Clonrsal and otliovs.* 
Tn tins papor, I bavo discussod a motbod of getting such integrals 
and using polynomials of high or degree j I bavo got now reduoible 
liyporoUiptio integrals I, II, III| IV whiob sooni to bo not roalisod 
before 

1 . Suppose 

wboio </»(a) == + +«"i 

^{x) = i/o^"+nb,u’’“*+ ^72^“^*®"''*'^** 

a’ho disouminant A{y) of y>{x)-iM») = 0 is a polynomial of dogroo 
2(n--l), Suppose that tho roots of A(l/)=0j yp I/an**) 2 /a(^‘ 
and has only double roots enriosponding to oaoli of those 

c|uanfcitios Then the double roots ajp -Ha,..., »t ftvo the branch points 
when wo consider k as a function of y. Wo oan expand »/)(«) 

near i , and suioe i/,= , whore dashes clonoto tho difforontial 

cooffociont with rospeot to ,r, 


» Bull do la Sou Mnth do Fr , b XIII. 



208 


\ c. ciiounnunY 


“ n^,) 12 

+ (;-_iiill! (^■(,,)f(,,)-^-(,,) 0 '(',)) 

711 ' / 


" xi'y «‘^y- /.) 

Tako tko pioclnct of all tlioso iflontitios for i = l, 2, 1 Now aij 

suo fclie loots of 'i>’(it)i^( i) — =0, iliorofoio tho product Jt(') of 
' x(' I climinaut of x(''> 0=0 ami 

‘^'(O'/'(O“'/''(O0( ) = 0, («&)oi being Ki'i"-«i^o) 

Similarlj the piodiict 

ll,o{{ahrovn>^)n'.) f(^’0 


can be found Thoioforo tlie diacriminant 


A( 2 /) = 


A 0 

{aonrn.rw ' 


wliolo iV lb tliQ coofRoiont of Inghost power of y in A{y) TUuh 


and 


( t«fe)ST‘ i 

dy 


dxi 


J ^ J 


VECO. 'A'''*(a 5 ) 

d< 




A(j/) can be u\|)anf 1 ed in pnwoiN of ?/ in tho foim A 
+ 4 *A\whovo A ifl tho discriminant of tA( I ) aloiio, A' m iiio dis- 
criminant of tf>{x) and (S>i, ©g, , ©*_, invariants of (AG'^’) ^’^bd ^(ju) 

iniermBdiate between A and A^ TE wo make some of those invariants 
sseio, tho conditions may bo expressed in terms of the roots OhoAso 
^(i) and ip{x) such that the ooeilicienls A, , A^ arc zero oxcept any 
four consocutivo invaiiants. Then 


I Jy 

3 ^A{y) 



j (?4<7o I -b ) 


v/E(.) 
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whoi’G "*■+(? I ..IS UiG polynomial whoso I’oots arc those i, 
wlnoh aro clotoiimnod by tho vanishing o£ tho above Liivaiianta Hioii 
again if wo make all of thorn /oio except tlnce consecntivo quantities, 
A(i/) will be a cubic oxpiossiou giving us two rethieible hypeiolhptio 
intogials 



( rfV 

11 

r NW tic 



J 

and 

( dv 

== Vll, 

. i N(o)de 

1 

) 


J ^yAiy) 


whole i\l 1 

IS what 

A, 

(«6)ST‘ 

becomes in this 


polynomial 

2 Wo shall now considei pai'tioiilar involutions aiicl take m the 
fii'st instance, tho case of a cubic one 


_ _ ftp i! ° 4- 3 h, j ” + 1 '+a, 

~ i^f 1') ftoD® c* + 36j I +6a 

Here 




*'< +&» 


[ ( I ,i.j + {^^)oa } 


+ (ai')o j.i? +2(n6)o s 


j j ]} 


A(y) = j/'A+i!/®®+6y'‘h+%0'+A', 

where A and A' aio diHOiiminants of ^(a;) and i/'(.c) and 0, fe) aia 
obtained fromA and A' by opoi-ating with 


9^1 


86 


+ flf 


86^ 


01* h. 


.9 9 — 9 — 

0ao '9^1 0 


1_ 

9a« 


U[i) IS obtained by eliminating y betweei. 

{«6)oi!/*+2(a6)ojiy» + {('/6)os+3(o6),,}i/"+2(a6),s2/+(«^)*3 = ^ 
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A. 0, CnOUDIlUllY 


anc] B , by olinunafcing y between 

bo2/’'-b26,2/ + i3 = 0 

When A=0, lias a double root wliioli may bo taken to bo 

oitliDL’ infiinty or koi’o These aio the cases as given by Qouisat 

2 Next take 


— ^(0 „ apai* +4atac^+ba3 1 * \ 

I ) bofl)* H-lbi t® +<li6g < 4-tt 

In tins ease 

A(y) = Aj/° + 6®,7/® + lS©,2/» + 20®3?/“ + 15®4y + A', 
whoLo A 18 the disciiminant of \ff (r) = I® — 27JSi 

I = 6064 — 4bibg + 3t®, ,T = &o&ai!)i+2I)|&,6a— 616 ^— 
and A^ == T®~27j'®, 1', pT' being siindar quantities for </>(i) If 


d = 


d , d 


+ a, 


a 

at. 




at 


+ ft 


1_ 

"at, 


a' = to 



a_ 

a«, 



8 

a^a 


+t. 


a 

aaV 


0 , = aA = 2(P8i“i8jaj), 

0g = a'A' = 3(r*'a'r-~i8j'a'j'), 

Tlieio are thioe dilfeiGiit uays of putting two conditions on 0(<.) 

and 


(a) 

A == 0, 


= 0, 

(t) 

A' = 0, 

0« 

= 0. 

{ 0 ) 

A' == 0, 

A 

= 0 


It 18 evident fiom the above value of A, ®,, that one simple way of 
making them ?!oio is to put 1=0, J=0 In this case the ((uartic \}>{ ) 
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lias got a fci'iple root which may be conveniently taken as zero or 
infiTuty Thus wo get two substitutions, 




anil 


y = 


I'* +6afl'D* 


1 


Ono of those can ho obtained from the other by changing ai into 
and Intel changing the coetTioionts 
3 Wo sliall construct two hyper elliptic integrals in these oases 

Take y = 

x*+p ( " 

R ('!•), as obtained by ohm mating s between 

i3>H-2a: = 0, 

and = 0, 

IS found to ho 

R(t*) = 3(jf'‘(27.u”— dtOpi “ + 14210(1'* + 16p* D* —8p®<|.ii+3j37®) 

= 3(2®Ri(n3) 

dy 

rr^ziz' = - 1 ^171- 


(X) Thus 


J ^/Z7q^y*-lQy{,l-y) 

In the second case if we take y^ ^ , 

nc+g 

ill) 


- i ( 

-vV ^ ,/ ^Ri( *. 


r ( 

/'V^di® — 8 / 7 1 /’ 


do 


87 1,’ + 167^ o<^ + 14 jo t* -^Opas® + 27 p* 


Similar results are obtained when i\e make A^=0| by taking 

l'=:0, J'=:0 'IMio hyporollt])tio integrals in these oases aie moie leadily 
obtained by changing y of the elliptic integrals in the preceding 


oases into — . 

y 
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In Uie case when A=0, A'=0, both tlio quaf^tios and 

have the double roots which must ))e dilTerent from each other \Yo 
ahall find it convoniont to take them zero and infinity The substitu- 
tion m these cases aio 

__ b’' +4ftj 6® 

D** d-dlig I “fhi 


and 


finaS!® +4ja3 1 -bftj 


3, Ne\t we shall consider the cases when A (j/) can ho reduced 
to a culnc oxpiossion This can ho obtained by putting? three conditions 


'/'(O 


Thoi 0 

aie 

four possibilities 

(0 

A 

=0, 

®i 


®3=0, 

(li) 

A 

=0, 

®i 

=0, 

A'-=0. 

(ill) 

A 

'=0, 

®a 

=0, 

©^=0, 

(ir) 

A 

=0, 

©. 

-0, 

A'=0, 


From the GX|iroasioiis of A> ®ij ®3 m terms of I, J, 0 I, 0 J, wo oan see 
that one way of making A"0, 0i=O, ®a=:0 is 1o put 1=0, 
J=0, 0J=O Making 1=0, J=0, wo got, when the triple root is 
taken to be zero, 

Oq b* + diajft.’® +6rag b® -1- 461, m + g ^, 

^ bo(8* 


In this onsD 0J = — ajj?. Wo cannot take ni,=0, tboroforo 


Honco 


g,) -|-4a,K^ Hh fittg ' ® +4^3 < +a» 


Similaily when tho triple loot js infinity, 

_ rtn < + '1-^*1 1 ® + +4a,T-fa^ 

y .. 

wluoh really amouiiLs to y =a.D‘’ -f 4t u’ +6o i ® 4''ldLd-ei and Ibe first 

one can bo had bv changing t into ~ in this This substitution can 

(11 

easily bo i educed to 

y = fts*-h2ac* +4hi’. 
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Dolboina ^ liEig givan fclio liypoiollipfcio mtogral recluoiblo by this ti'ans^' 
Eorinabion Similarly, i£ wo apply Lho comlibiong ® 5 =sO, ®j=0, 

wo have 0(<!) roduoed oithoi to ai‘ or to 

In caao A'=0, A=0, wo oan take 

ITonce l'=3rt3, 91^ = ao&j— I-fliAa 

5'J' = aoa,&^+2a,aal>, — 

Tliorofore 0 b=:O givos 

l'“0r-18JaJ' = 0 Je. b,C3«o«8“2«n “ 0 

Now wo can not put bj,=0, honco 8«ofla — 2^5 =: 0. 

Tims flo^® d-^rtiOJ f 6a_, should bo a poifoofc sqnaio 

669.1)“ + 4 !iiaai + ij 
Similarly if wo proceed with 

6aj d“ + 4a®.«+ni 


tho condition ©5=0 gives 3 aa»i — Sft® =0, that is, 
should bo a poifoct square 

Wo shall remain contont by oonsbriioting the hypoielhpbio integral 
in ono of those cases Take 


y 


U + ay , 


Eliminating y between 

1/2 +2«2/“ +ap = 0 

and 7 y«+( 3 a+ 2 .)y“+y( 2 ar+t“; + (np+«-^“) = 0. 


*■ Bull des Sciences Math ^ sene, 

38 


t XXV, i9oii pp. niiWf 
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A. 0 OnOUDHURY 


we get 

Uix) = 


2i)+a 

2aa;4**'^® 

at® 

2ft»’-|”'15® 

,Sai ® +4a® p 

n(2a'w® ^2p e—ap) 

aaj® 

rt(2rt,D® — 2jjc— ap) 

— rtp(2n.r + ,i!®) 




= ap 



8 / 


+ 2(4^’— —108fi^;) + 432fl‘' )i/ — G,^?® — - 9a*)] 


= 2y®Ai{t/) 

where Ai{y) denotes ilie expression within the orotohots 
Therefore 


(HI) 


chf 

v'ATCy) 



2r(a3 4-a) di 

V'R(a;) 


Similar results hold good for tho case when A =0, 0, =0, 0g =0 and 
wo shall not go into the details of this case 

Wo shall oouolude tins paper by oonsidoung only one particular 
case of the involution of fifth order. Take 


y = (»“ — Sau 


Tho disoriTninant in this case IS i/*- d‘’a'*, and 
R(.i) ic’®~18a,i3«+113rt®r*~25Ga'» 

Thus wo get 


(IV) 


j 


dy 
Vy* — 



diii 

^11.(10} 


Dull Oal Math. Soo , Yol XXVII, Nos 3^4 (1935), 
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On Appell's Inunction P(<?, <!>) 


TiY 

MAUIilOli: DE DUFFAnKL 
{Stamboul) 

1. AppeU*s functions, P(0, ^), Q{0, and 0) aio defined 
by tho expansion* 

^)+)Q(fl, ♦)+,’/!(«, *), 

wlioro =1, affording, both for the third oidor and tho field of two 
vanablos, a very direct generalisation of the oirovilar funotions, as 

0 ^^ = cos O'^i sin $ 

'Uhoy oan be written as follows . 


m « = K 


li>) = gl 

' /+>/■ + ,.5?^+)*^ + 

m 'f‘) = |( 



and they satisfy the fandamental relation) 


* Oomptes lionduB do I’Acad dos Boionoea do Paria, 84 (1877), 
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MAURICE BE DUFFAnEL 


I showed I’ocGnfcly that they aie of great help in solving nnmoious 
problems coniiectod with the equation, 


AaU = 


91 ?+ 9 :«+ai ^_8 = 0 , 




82® 00382/8 


and allied equations * 

The obiect of this shoit note is to state some olomontaiy roniaihs 
on the funotion whoio n is an integer, ami to make moio 

conspicuous the analogy botwoon it and cos nO 

2 Let us consider the expression 

where a is an arbitrary constant unci try to expand it in asconding 
powers of a Wo have 

E = log (1— mj®’^'^)+log (1— oe*®'*'*’^)+log (1— no* 


fis —S 3 a’’P{ttd, w<^)/» 

Now as H-2 + i*“0i 

B = log + + 

= log [1-3«P(0, ^)+3a*P(-«, 

So when we obtain the function P(«d, «(/i) througli the gonoraimg 
function, 

-log [l-3aP(0, i/.)+3tt*P(-0, 
the co'-eflloient of a" being 3P(«d, n(li)/n 


BeUotin do Math SupiJr, anndo, 38 (1932 89), J28, Of. Y. Devierac, Comptoa 
hondua, 103 (1901), 081 



DN AtTBLL’B FUNCTION P{ 0 y(f) 


217 


The iiotoworlliy analogy with tho ou’oular lunotions ansos horn 
tliD fact tliafc tho co oflioiont of a" in tho expansion of 

—log [1— 2a cos 
18 (2 cos nO)ln 

3 Tbo expansion ]ust obtaiiicd, 

-log [l-3aP(e, <|b) + 3a»P(-fl, = tSa- 

shows tliafc P(n9t can bo expressed as a polynomial with rospootto 

P{ 0 y <f>) and P{- 0 , -<f) 

W 0 oTj serve that 

P(_0, - P“(d, 

so that P{n6, is a polynomial with respect to P and QP, For 

instanco, 

P(2^, = P^+2QP = 3P»(^, ‘/')-2P(-0, 

P{30, 3(^) = 1+9PQP == 9P®(^?, t^)~9P(0, ~^) + l. 

Om* o xpressioii loads readily fco tho following general result ! 


(-ir ^1 ,0, 

p 9 «. + 2p + (jf 


n 


with gS4(«-~p) The symbol .0, stands for the number of 

ooinhirj.Oj'fcioiis of ? objects s afc a time Of course, ’^(W"f"2p *}*<?) and 
4- q — p) must be positive integers, 

4}, Similar formula) can, of course, be written for G(«0, «<#•) and 
R(nOj ntjfi) 

"VSTo Tnay use the relations, 

Qi- 0 , -<^) = 

P{-0, -</>) = P^-PQ 
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If \Yo fcalco (^=0, tlio funofcion P roduoes fco ono of tlio smos of tko 
thud 07 do, 

/,(£>) = 

aiitl W 0 obtain tlio oxpangion, 

-Iog[l-3a/,(0) + 3aV,(-.0)_aa] ^ 2 Sa"/,( 7 i^?)/», 

showing that f,{7i0) oan bo expressed as a polynomial with resnocfc 
iofiiO) and /,(-(?) 

We may, perhaps, suggest the following loaoaiohoa ^ 

(a) To expioss P(»^, as a hypergoometuo funotiou of two 
vauablos and of the third ordoi (one of the funotions intioduGod by 
Y ICampe do Poriet) 

(&) To extend tho rosalb to sines of the 4bli, etc., order, with 
one or two variables 

(o) To and a gonoiating fnnotion for P(7i0, A0) 


Bull, Cal Math Soo , Vol XX VH, Nos 3 & 4 (1936). 
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Toxt-book o£ Spherical Trigonometry — By P » 

pp xxu 4-163 ^ 1935 ) (Oaloutta XJmveiaity Proas), 

This book, which is infconclecl for the use of Posfc-CTi'aclnrtto wtutl i 
covers a field which is well defined by tradition and has boon Linn oug y 
explored by many authors Little that is novel is tliorofoi^o oxpoo 

The author bognis with a historical introduction traunig tho 
development of tho subject from the time, when the stncly? of Hoicmti e 
astronomy began Tho author goes to prove that Uio Hubjoot was 
known to tho Hindu Astronomers, long beforo tins date, and the 
fundamental formulco are of Indian origin, On the whole, fcho Listoi'y 
18 very instructive and interesting too 

Tho first two chapters of the hook deal with tho prolnninary 
definitions and piopositions and m Ohapters HI and IV*, somo of tho 
fundamental propositions have been established Tlio troaiTuant in 
those chapters are similar to those given by previous authoi'a 

In Ohapters V, VI, VII, some theorems conoeining tho propoitios 
of a spherioal triangle have been established In ax'fciolos 5, 10 and 
the following, the author uses tho term “sine of the trianf?lo,*’ but 
while giving the definition in aitiola 3, he defines it as tlio *hiorm of 
tho Bides of the spherical tiiangle,” only giving a refer© nco in tho 
foot-note The author would do well if he would defino as tlio 
“sine of the triangle" and place it in the body of tho hook, instead of 
giving it in the foot note 

Any text-book on Trigonometry must consist of a largo number 
of examples worked and unworked The woiked out examplon in tlio 
book under review aie illustrative Tliore is a good collootion of 
examples after each chapter But it is advisable that some olomontary 
problems on Spherical Astronomy he infcioduced, in oreXox' to illnstrato 
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the application of the subjeot, whioh, in the opinion of Llio Hoviowoi’, 
will make tho subjeot more intorsting 

The printing of tho book specially on the last part is dofootivo' 
with a few misprints, Tho appearance of some of tlio pages la 
spoilod by the uso of broken typos and also for want of symmotry 
111 spacing 


O.S 



